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• M complex algebraic variety (non- singular ) ⇒ CM ,I) complex manifold
• g Kiihler metric on

M ⇒ (M ,W) symplectic manifold
• K compact Lie group sit . G :- ke ECM ,I) , KOCM ,w)

3 types of quotients : choice of
-

algebraic (GIT) linearization L

symplectic £ ( line bundle)

pilot = MAG = ML
-

syce
( t.EE?afYgPiheisdms categorical quotient in AG

choice of R . Kahler % true⇐ MY
- "

= ML
- ss

moment map µ /
←

⇐ • compatibility between

always M//µG = MM
- '

YG µ and L
• good asymptotic properties

true categorical at roof M↳complex analytic %:O; t.in?y+.4YEEsmtpriecifsm
spaces



Z
KEG

M

(almost all) G -orbits

pi
'

intersect pilot ,
I
' aisdathe, t.e.rs#.tiog
-

µ
. . msn.sk - Mlk



What is a quotient?
A quotient of a geometric space M (Riemannian, complex.
symplectic, . . . ) by a group G of symmetries ( isometries,
biholomorphisms, symplectomorphisms, . . . ) should be a space
N (in the same category ) encoding a large class of
C- - invariant objects on M .
Example M smooth manifold

,
k compact lie group 0M freely

The orbit space Mlk encodes the K - invariant subsets
.

It also encodes the K- invariant smooth maps .

M f G- invariant

t, p



Definition . A categorical quotient for an action of a
group G on an object M is a G- invariant

morphism M→ N such that

M

I
isnt

- - - -→

(encodes all G -invariant morphisms )

⇒ unique up
to unique isomorphisms

It is denoted MAG (if it exists) .
If slashes because it tends to identify

orbits . GIT : any⇒ T.se nGT -1-0 .



Geometrician
C- complex algebraic group G M complex algebraic variety

Goal : Construct a quotient of M by G.

Problems : . MIG is in general not algebraic
• MHE might not exist or be too small

L
solution : Find a large open subset M

-

SSE M on which

M
L-ssHG exists .

Depends on a choice of line bundle L→ M and

lift G O L .



The affine case . Let :
• MEG

"

smooth affine variety
• GEGlen

,E) preserving M
• suppose G is reductive :all finite - dimensional representations

decompose into irreducible summand
(e) C- - ka ) ( e.g . Gun,63, all complex semisimple groups)

Nagata'sTheorem . The algebra ECM]Gof G-invariant polynomials
on M is finitely generated .

⇒ MAG :- spec MIG) is a categorical quotient
where ME>MAG is induced by GEMIGEGLMI

.



concretely: M Een , GEM] = ECK . .

,
II

Nagata⇒ GEM5=57 ..
. . .

, Fn) , fi EQIMIGE GEM]

O→J→ Clay, yn]→ Ecm]G→o
il y i 1-3 fi

Lg, . -ygm)

①[MTG E Effi , . . .int/Lgy--ygm>

so MHG = { yeah : gicy)-o, to }

MEG
"
-s MAG Eek

k l-> ( F,Cas, - . ., Finca) ) .



Mumford's Theorem .

• M complex algebraic variety
• C- complex reductive group O M algebraically
• L→M line bundle with lift GOL (linearization)
Define the set of semistable points
ML

- s?= U Mo
,

M, i = face M : Oconto}
DEHYER)

G

r2 l
,
Mr affine

Then
,
there is a categorical quotient for C-0M

"

?
denoted MLG .

Brood. Glue MONG :- spec GEMof together. o



MlkG is also a good quotient :
• (IT#Om )

G
- OMIKG

• IT
- ' (affine) is affine

⇒ MkG - M
.-

Yu
,
say⇒GING.JnM ¢ .

Polystable points : Mt
-"1- {pen

""

: G.p is closed in M
"" }

Every GT nM
""

contains a unique closed orbit. so

MHLG = M
- - "In = ML

-

PYG

stables' M
-- s
- {PEM

-- s

: dim Ep-of Epa M
""

M
- -YG E MLG

algebraic variety open



GITforprojeot.ve#affinevarefies
Definition .

A projective -over-affine variety is a closed
subvariety ME an x pm for some n .

M20 .

Equivalently, M - Projekt , where R-⇐Rk is finitely
generated in Ro and R . .
Concretely: R = LU . .

. . .

,
Un
,
Vo
, . . .,
um>

,

UiERo
,
ViE R ,

O→ I→Glx . .. .
.,xn,yo. . . .,Ym]→ R→ O

l l
X i NS Ui

tf . . . . ., Fk) , fi homogeneous Yi ↳ Vi

R E ①Ex .. . . ., In ,yo , - n , Ym] ILL , . . . ., Fk)

M = {(x, Ey] )E Qnx 1pm : Fi Cx ,y) =o ,
fi }



Prof Rn) -ME an x 1pm
" I at

" direct:*:p:::;
Spec(Ro) =

Definite. A line bundle L on a p.o.ae . M is very ample
if M = Proj TEO HYE ) , ire .
GLM] - Holm , t ) = Lui , - . ., uns
Hoch,L)= Loo, - . . , um>
and M→ E'x 1pm is a closed embedding .

p→ (Ucp) , [✓(pi] )
A line bundle L is ample if Loir is very ample for some rt !



If MEEE pm
,

L-- pr:och Im is ample , prz : ExPIP
"

Let GO M by C-→Glen) xGumti) . Then GOL .

Theory. Let M be a projective -over-affine variety with
very ample line bundle L and C- acting linearly on L . Thena

RG := ⑦ Hour)
G

r-O

is finitely generated in degree o and 1, MLG
-Proj(RG) ,

M
--E-{PEM :FOEHILT,Ocp)to} , and M

"'

4171kG is induced by RGER .
Concretely: RG= fu .. . . .,Ur,Vo, -. .,Us) , Ui E ELM]

E
,
Vi E HOCH

,
L)G

M an x pm→ MIKE Erps
(x ,Hd) vs Lucas , Cerys] )

ML-Ss= {⇐icy])E M : Fi ,UiCy)to}



Hilbert -Mumford Criterion
"
semistable w.rt . G⇐ semistable writ . all ①*EG

"

Let : • M projective- over- affine
• L→M very ample
• GOL linearly

Let x : a*→ C- be a group homomorphism (L-parameter subgroup)
Let PEM , and let po = feign Http ,

if it exists .

Then
,
E Lpo =E so acts .V - t

-her
,

KEI
,

the Lpo .

julep,t) i = k or µ4p , d) =x if Po does not exist
.

Theorem
:
PEM
""
# picp,d) 20 ,ft

pE M
-- s⇒ µ4p,t) 70 , ft
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Symplectic Reduction
k compact Lie group CCM,w) symplectic manifold .

Goal : Construct a quotient of M by K .
Problems : . Mlk is not symplectic (unless dim K- o )

• ¥ categorical quotient M→N
Reason : subsets and symplecticmorphisms are not the

"

right
"

K- invariant objects
solute:(M ,

w) should be though of as a "phase space
"

in

classical mechanics . The
"

right
"

K - invariant objects are then
particle motions under K - invariant hamiltonians .
This leads to the Marsden-Weinstein reduction .



Definite. A moment map for KOCM,w) is a map
µ : M→ hit such that
Ci ) dyu

"
= in#W for all seek , where

µ
"
i M→ IR

, pi
'

Cp ) = peepsCx)

!
x
#
e#m)

,
x; = ¥ It⇒et

"
. P

(2) pick . p ) - Adhi peeps .
It a moment map exists , the action is called Hamiltonian.
Note

.
Moment maps are

M ←6=03 = TpM
- '

cos
w
= RE

not unique . If Iu is

Ecma:edge:p.gg,
ti ""

µ
-E is a new moment - pi

'

cos1Kmap



Theorem
.
(Marsden-Weinstein 1974 . Sjamaar - Lerman 1991 )

Let : • (M
,
w) symplectic manifold

• K compact Lie group 0 (M , o )
•

pl i M→ kit moment map
If k acts freely on pi 'cos , then o is a regular value
of IU , so pilot and pi

' IK are smooth . Moreover there is
a unique symplectic form at on pi

'conk such that

it
*at = I*w where pi

'
co) M

dit
pi
'

co>1K

More generally, pi
' IK is stratified into symplectic manifolds

tilak - tf, ti%:!→ , pianist pericos :
'¥ K¥3



Example. S-EIR' with standard area form w
GA,

5063) O S
-

RA .
*

socz ) = span {A,Az, As}
GA ,

Mi i s
-
→ IR

, dlui - i.¥0
x ↳Xi

w = do r does , Ait - Zo ,
it#u

- does

µ : S2↳ IR
>
after identifying socs#EIR' by Ai ,Ae, As

More generally : k Lie algebra, OE hit coadjoint orbit ,
⇒ O symplectic ( Kirillov- Kostaut-Sour iau) , KO O
µ : O ↳ bit .



Iergu¥ts.
Riemannian

metric

f f symplectic
form

Koihler manifold : (M
,

I
, g ,
W ) ar .

.
. > - GCI; . )

[ complex structure

KO (M ,I,g , w ) , pi : M→ki
T compact Lie group

← moment map

⇒ pi
'

IK is Kiihler (or stratified into kiihtermfs)

µ
-

Yo)↳ M ° IT"O - i*w
,
o symplectic

µ,
. Flair) - flu Horizontal lift w.r.t.gl,u%,

picolk . Ice - dit#u't)



Example .
5-O Gn, X -Z- iz

.

Lie(5) =ilR

futz ) = 1242-11-t - - - then I
' ) , iElie(s

' ) is fixed

du- it
-

toys ' = pi
'

tills ' E P
" '
with Fubini- study metric



Examples: • UCn) O E
"

µ :I→ run) Even)* , fulZ)
= IZZ't = Ia ( E.

'

n
) (E - - - En )

• un ti) G P
"

, pkz) - III
Operations : Koch,w) ,Min→ht
• (subgroup) HE k , M# hi→tf moment map for He M
•(subspace) NEM ,

K- invariant symplectic submanifold→ yulN
: N→hit

• (Product) ki G(Mi ,Wi) ,MiiMi→ hi → µ , x
- -
-

gun : Mix - - - xMn→Rix -
- -xkn*

• ME Gn x pm projective -over-affine (⇒ Kahler)
K E Un) x Ulmti ) preserving M
⇒ F canonical moment

map pi
: M-ki
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Analytic Kempf-Ness Theorem
Definition . A complex analytic space is a topological space X together
with a sheaf of G- algebras Ox which is locally isomorphic to
Z = { KE UEE

"

i F.Get = - -- free) - O}
,
f.
,
. .

,
fr : UEen→a holomorphic.

Examples .
• complex manifold
• complex algebraic variety X The underlying complex analytic
space is called the anialytification, denoted Xan .



Definition . C- complex reductive group 0 (X,Ox )
An analytic good quotient for C- OX is a E- invariant
surjective holomorphic map it:X→Y such that

• Oy = (IT#Ox )
G

• it-'( Stein ) is Stein

⇒ categorical quotient ( hence unique) denoted XNG

Example. M
""

→MIKE GIT quotient
⇒ (M
"Dan→ (MlkG)an analytic good quotient

Idea
.
We can construct an analytic good quotient on a large

open set MMSEM by choosing a moment map .



Theorem
. (Atiyah -Bott 1982 , Guillemin - Sternberg 1982 ,

Kirwan 1984 , Sjamaar 1994 , Heinzner- Loose 1994 )
• (M ,I ,W) Kahler manifold
• K compact Lie group , C- = Ka CCM, I )
• k CCM

,
w)
, pi : M→ k* moment map

Define the set of analytically semistable points
MM

-"

= { PEM : Ep n pi
'

co) 493 Epn M
Then
,
there is an analytic good quotient for GOMM

's

denoted MHµG := MM
-"HG

.
Moreover

µ
-

to)↳ Miu
- ss

#
• homeomorphism
• stratified spaces

pi
'

K ¥µG • biholomorphisms



IU
' '

co )→ MM
-ss Muss

t
⇐
t # kfhmepotr-enmesst.pe

pi
'

coolK→MHµG = MIKG

By uniqueness of categorical quotients , MIKE MAG iff
M M

- Ss± µ
L- ss

analytic semistability is algebraic semistability
Theorem . (Kempf -Ness 1979, Ness 1984 , Kirwan 1984 )
Let MEQnx pm be projective- over-affine with the standard kiihler structure
KE Uch) --U (Mtl )

, fu : M→ME the standard moment map and L
- OCD 1M

Then
, M M-ss

= ML
- se

.



Idea of proof of the analytic kN theorem:
MHµG = MM

-

syn , x-y⇐ GI nTy n M
"-"
*of

every equivalence class contains a unique closed orbit, so

MH
,
G E M

"- "YG min
-r'

M
"
Iron

"-"
it - P " dosed " "

""

µ
- '

CoVK



Take an invariant inner product on k

pi
: M→ hit Ek

,
4 : - Hyun

'

: M→ IR

17/0 = grad(¢ ) E ECM ) (using the Kahler metric)
Lemma

. of)p= 2I peepIF ⇒ flow of 174 contained in G-orbits

If the action is free : Lemma ⇒ critLol ) - pi
'

co)

Ft - flow of -17/0 , Fx : MM" →pi
'
co) continuous retraction

Fx

Ei H
"

'¥÷÷:÷÷
.inverse map



Police
5001065, w) , yui

541133 Enos't a
.

SOG) O Sk - -
- x5 =: M

, fu : M→ R
'

-

diagonally n times Ga
,
am) Ns X, t -

-
- t kn

14-49/5063) = {(xx -pen)EIR
'

: Kil - I
,
Kit - - - tan-05/503)

⇒
'" Fx, = space of n- gens in IR

'
with side lengths I

x.
•i od

ee up to rigid motions1- XZ⑧

xp
>•

• TO
*x%gJ• X,



S2= P
'

,
W = 4ITwas .

M = (P
'

)
"

Li- prion 0 - -
- ⑦prior ) very ample (Segre

'Jos p
'""")

SO(2)→ SO(3) double cover
,
kernel 22

SUCH GM (via standard Suez) 062 )
'

Extends holomorphically to SLC2 , Q ) O M (Mobius transformations)
sua
,
e) 0 IT ; (Ibd ) . 5 = contd ,

his ] EP!

Generated by rotations and stereographic scaling Starsfixed r> o

" i ×

÷
<

c

!⇐
fixed .

<



SLC2 ,Q ) G L - prion 0
. . . ⑤ prion ,

GIT quotient : 17/1542,0) projective variety
= moduli space of ordered n- tuples of points

.
on B

'

up to Mobius transformations .

pi
'

co)= {Ga, . . .,xn) ECP
')? center of mass =Kt -o}

- Kempf- NessTheorem : pi
'

cosE M
""

descends to

A-
'

(03/5013) E M11542,a )

Corollary . Every stable configuration of points on IP
'

can be

moved by a Mobius transformation to have its center of mass
in the centre

.



ttilbert-Mumfordcriterion.TK 1-parameter subgroups did→542.01

are conjugate to stereographic soakings Sats
fixed

• as
714 '

o Xz

figurine @
as I Id ,

••

fixed t miultiplicity 5
fixed
"3

.•••
"e

•
← multiplicity 2

Xy . line

flights . x ④ → I
• £ x ,45 ↳ @ •

fixed +multiplicity 3
①
*

E Ln ,

Htt . } = f-
""s}

, piece ,a) = zcr-s> 20
⇒ res



fixed
"

C
as I

.

I d '
•

fixed T multiplicity 5

"3
.•••
"e

•
E multiplicity 2

"4

I
xs ↳

.

%"
E multiplicity 3

144k , d) = #{Xi dragged to o by t } - #Lxi at a}
XE M
""
⇒ yuka , t) 20 , th ⇐ x has no point of multiplicity >I

KE Mt
- s

⇐ µ4x , d) 20,htt⇐ x has no point of multiplicity 2£
Corollary. A configuration of n points on 5 with no point of
multiplicity Ink can be moved by a Mobius transformation
to have its centre of mass at the centre of the sphere .



"

I

stable

semistable but not stable

2

↳ poly stable but not stable

& Q unstable
4



¢ = 1114112 , Fro i flow by -474¥ - 2 Ipecac#

Fry : MM
-"
→ pi

'
co)

T yuck )

I praise
7

IT;
# mass

¥¥7
.I
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The General Kempf-Ness Theorem
Definitim.A Kiihler manifold (M,I.w) is integral
if w = It Fp ,

where Fry is the curvature of
a holomorphic line bundle L→ M with hermitian metric 11 - Ii.

(⇐ Cas E HTM
,
Z ) ) .

Kodaira embedding theorem .
A compact Kiihler manifold is projective

if and only if it is integral.
Warning: The embedding MEP

"

is not necessarily an isometry
w f wFS IM .

Examples . ⑨MEET 1pm projective-over-affine with standard kiihlerstr
• (M

,
I ,w) , W = 2i 22-7 , L=Mx E



Momentariness Let (M
,
I,w ,
L) be integral

Let k 047
,

I
,
w )

.

Then

momentmaps
for Koch,w,

infinitesimal lifts of Kay
to L preserving H - Ii

.

Suppose KOL preserving H- H
' and lifing KOM .

For all KEK

act = (KYI )*t ziti pi'S
horizontal J J T Euler vector field on L

lift µ
"
:M→ IR

Lemma
.
KANE is a Lie algebra action ⇒ prim→hi is a momentmap



concretely. Let (M ,I,w , L) be integral and KOL preserving lili.

I
ti
.

Tikka) - dftheofploglleitk.vn
'"""

↳
µM -1ns
[ moment map for KOCM ,

w)

setup for Kempf- Ness theorem
• ( M .
I
,
u
,
L) integral and algebraic

• K compact Lie group , G - Ke .

• GEL such that K preserves ll.li.
→ µ : m→k*

Question .
Mm

- ss 's ML
-ss



Definition . A (M, L , G ) (data for GIT ) satisfies the

geometric condition if
ML

-SS
- {pEM : F pE L

't
yo} hp , G.pt n Lzero section } =p}

Note
.This is an algebraic condition (does not involve the Kohler str )

Example . Projective-over-affine variety with ample line bundle .



The General Kempf-Ness Theorem. Let
• ( M ,
I
,
u
,
L) integral and algebraic , C-= Ke

• GCL satisfying the geometric criterion (e.g . projective-over-affine)
and such that K preserves kill

'

→ pi : M→ki

suppose that H - H
'
: L't→ IR is proper on closed G -orbits

disjoint from the zero section . Then

M M- Ss
= M

L- SS

•

so µ⇒*⇒m¥÷÷÷::÷• bi holomorphisms
on the strata



The General Kempf-Ness Theorem. Let
• ( M ,
I
,
u
,
L) integral and algebraic , C-= ke

• GCL satisfying the geometric criterion (e.g. projective-over-affine )
and such that K preserves kill

'

→ pi : M→ki

suppose that 11 - H
'
: L't→ IR is proper on closed G -orbits

disjoint from the zero section . Then MM
-"
= M

-- s?

Example.(Transcendental Projective - Sjamaar 1994 )
(M

,
I
,
w
,
L ) integral and compact , GOL

Kodaira⇒ M projective , so the geometric condition holds
H - H
'
: ti→ IR is proper so Mt

-"
= M
""

.

Note . w# Oes IM so jeez ) f- It FEEL . fu might be transcendental ,



Kiihlerpotentials. MEI affine variety , GEGun,e )
w = ziaat

,
f : M → IR

,
K- invariant kiihler potential

(e.g. f - Hell
'

→ standard kiihler structure induced From Eu)

L = Mx E
,

Acp, 2-3112= e-
"TF"'

Iz I
'

~, w = Ig Ep
GC L

, g. Cp, z ) = (g. p , z )
so M is integral

→ peep>Cx)
= df(IKI ) for PEM , KEN

Kempf- Ness theorem holds it f is proper and bounded below.

L trivial ⇒ Muss= M

pi
'

co> I KE MHG (even if lute't izzEt )



• K G (M
.

I
,
w)
,
W= 2is57

,
F : M→ IR K- invariant proper

• pulp)Cx) = DFCIs#I

suppose that the action is free .
Then MAE = MIG since all orbits are closed

Goal : pi
'1071K E M/G

,
i.e . HpE M, TGEG, pkg . p) = O

and g is unique up to K .
It suffices to show that

Fp : KIG→ IR (Kempf- Ness function)
K8 ↳ 7cg. p )

has a unique critical point . In fact, it has a unique
global minimum .



Fp : H- k IG→ IR
,
kg ↳ 7cg . p )

Existenceofminimum.
G. p closed , f proper and bounded below
⇒ f-(Gop) has aminimum ,

so Fp has a minimum g .

pug . p ) = 0 .

Uniqueness . 'H is a Riemannian symmetric space .

. It is geodesically convex : every 2 points are joined by
a unique minimizing geodesic (htt ) = e

it'

g) .

• at Fpc eit"g) = Hottie.gl/Iiihler metric > O
⇒ Fp geodesically convex

÷
. ⇒

-

• • 7



Twisting by characters
Recall : (M ,I ,w .

L) integral , GCL, K preserves II. ITon L

rs pi
: M →hi .

Given a character X : C-→ E
't

,
we can change

the linearization to ↳ =L
C- x L→ L

,
gyu = Xcg) g.v .

→ plz = µ
- 5

, E = Indie : k→ IR

Hence
,
if the conditions of the kN theorem hold

,

µ
- '

CHIK E MAG
can be used to resolve the singularities .



Twisted affine. ( King 19941
• MEG" smooth complex affine variety
• GEGlen ,Q) reductive C M
• L = M xG

, g. Cp , z) = (gop, Z )

⇒ MlkG = MAG - spec@Cork )
Problem : MAG might be too small or highly singular
solution : Twist by X : G→G*

, g. Cp,EI -(gop, Xcggz)

MHzG : - M//↳G = ME
-

SSH G



We can view M as a projective -over-affine MEG
"

xp
°

G→ Gun
,
G) x GLA ,Q )

, yrs Cg , Xcgj )

LE- MXQ , g. Cp . Z ) = (g. p , zagJE)

⇒ MEG - Pro; §oH4ErK=Proj ELM]
"

GCM] { feelin] : flag . p ) = Xcgsrfcp , }
Clark - achy

MAG→ MAG projective morphism



ME¢
,
w = zioaf

,

7=11 - H
'

Im i M → IR

(M
,
I,w ,
L ) integral, Kp .all

-

= e-
"""" "
'

iz i

To apply the general Kempf- Ness theorem,
we must show that for all Cp , z ) E Ello} such that

S := Gop ,z ) -4cg . p ,Xcgjz ) : gEG} E E- MxG

is closed

H - H
' ! S→ IR

, Cy ,w) ↳ e
"'t "914am

is proper.



Lemma
.
If SE Mx①* is closed in MxQ , then

II. IT : S→ IR
, Cq ,w) t e

"'T "914Wh
is proper. II. It

'

NIR
exp←

quadratic-

¥
.

Hence
,
the Kempf-Ness theorem holds

,
so

pi
'

KE Pro; EI aunt



Quivervarieties
A
quiver is a directed graph with an integer on

each node
.

①
2

5 Mr
Q 3

Q : I • a

17
•
①
3

A representation of Q is a linear map on each edge
R = ⑦ Honk G

" )
edge is

⇐÷.

cnn.ae .
÷÷÷:÷÷÷ :

isomorphism of representations



Problem
.
If Q has no cycle, RAG = pt.

Xo : G→①
*

&↳ it detcgi )
Oi

,

O - co.. . ., on, e z
# of nodes

RHXOG→ RAG =pt ⇒ REG projective .

If EO in i =O ,

of E Rko
- s

⇐ tf sub representation O
'

to
[Oi ni s O

lo C- Rko
-

P' ⇒ of = sum of stable representations



U = T.TT Uchi ) E G O R

plClo )
= ? Oli; 0¥ - 0¥Oi;

i DX = ⇐ Oi Iden i

pick - idX ⇐ § Osi 0¥ - 0¥ Oi ; = Oi *

Corollary . A representation 4 is polystable if and only if
there is a metric on each Gni such that * holds .

This metric is unique up to
the action of U .



Summary.
• We have an algebraic moduli problem
I configuration of points on P

'

up to Mobius transformations
Representations of quivers up to isomorphisms

• GIT gives a natural
"stability

" condition and gives a
moduli space of stable objects .

I multiplicity
<m2

every subrepresentation of
'

S4 has E Dinis o .

• There is a
" real " or "unitary

" condition invariant
under a compact subgroup
- centre of mass at zero
- special hermitian metric

• The moduli space of stable objects is isomorphic to the
space of unitary objects, which is a symplectic reduction .



Hyperkiihler Reduction
Definition (Calabi 19791 A hyperKahler manifold is a
Riemannian manifold CM,g) with 3 complex structures IT,Kst.
I2- J2= K

-
= IJK= -1

and which are Kahler with respect to g .

⇒
WI = GCI . . . )
as = get, e ) } 3 symplectic forms
wre gck ., o )

II.=wotiwk holomorphic symplectic w.

rt
.
I

Yau's solution to the Calabi conjecture⇒ compact holomorphic symplectic
manifolds are hyperKahler



Example . IH
"

The only hyperkiihler submanifolds of IH
"

are copies of Hk
embedded linearly .
We need other construction methods :

• HyperKahler reduction
• Twister theory



K compact Lie group 0 CM
, g ,I,J, K ) hyperkiihler

A hyperKohler moment map is a map

µ- GUI,pts ,Ma) i M→ ktxkixkt
such that lui, yes , pin are moment maps w.r.t.WI.ws ,wk respectively
Theorem (HKLR 19871 If k acts freely on pi

'

co) then

pi
'CoVK is a smooth hyperKahler manifold .

Proof µ¢=/Uj+iµk i M→ y* is holomorphic w. r-t . I .
X- picco> EM complex submanifold wat -

I ⇒ kiihler

HII x : X-7k¥ moment map ⇒ YUIIx)
- '

co) /K kiihher CI . GI )

44=1×54071K = µ Co) npi
'

co) nMii co) /K
Repeat with J and K to get CE,WI ),Cri,WI ) D



• KOCH
,g. I,J, K)

• suppose it extends to C-= ka 0 CM , I )

Then
,
C- preserves RI = ostium and

µ¢=µ, tipu is a holomorphic moment MAP
categoricalthen

, pitoslk-MECOHMGJIYntpieentiahalyt.ro
where µECoY/µG = picco, nmMissy G

spaces

Hence if there is a linearization GOL such that
MM¥F= Mt" then ← GIT quotient

µ
- '

CoVKE MILORG



Annitedimenion¥p
K compact Lie group , G - ke

Polar decomposition: K -k Ge diffeomorphism
(k
,
x) t> Kei'

C- E Kx k E Kx kit = T'tk
choice

[ complex optrindnuert symplectic
^

structure " k structure
)

→ Kahler ←

Can be proved by an infinite -dimensional version

of the Kempf- Ness Theorem .



A = { A :[o, is→y l AEE } to -dim analogue of M)
x - dimensional hermitian vector space i LA,B) = So

'

#t) ,Blts>dt

⇒ A x - dim kiihler manifold

Ko- { k : co, is→KI Koos - ka, = I} (x-dim analogue of K)
Bo- {g : Kii→GI ga) -gas = , } Ex -dim analogue of G)

GOOD , go A = gag ' - gg
'

(gauge transformations )

K preserves f ; ) and hence the symplectic form w
moment map : fu

: A→ oceans
,
k )

A-Aotit, t it, t [Ao , A , ]



Moment map : fu
: A→ oceans

,
k )

A-Aotit, t it, t [Ao , A , ]

µ
- 'CONK. = {Cto,A . ) : Cal] →bi : it . + [Ao ,Ai]-03/72

HAE ft
'lo)

,

F! kilo , I]→K
,
ktok

"

- kik
"

- O
,

keel ( ti - kAo )

⇒ R . A - Ai titi Epico) , Ai -o , hit#ti) - o⇒A'ex

pi
'64k¥ Kxbr E T'tk
Ahs (ka) , K)

symplectomorphism



Infinite - dimensional Kempf-Ness : pi
'CoVKoE Alcs.

Goal : .For all A :[o, it→of , there exists g : co ,i→G, gas- gas- I

such that A': - g.A = gag
'
-

'

gaj
' solves Aix [Ai

, Ai ] - o
•

g is unique up to K

Kahler potential : FCA) - I SINA.lt/5dt
Fix Ae A and let

F : G→ IR
,
F (g) = 7cg.A) (Kempf-Ness function)

As in the finite -dim case:

we need to minimize the functional F



Wlog, Ao - o .

F : Kl Es → IR
,
Ecg) - FCg. A ) , HAI-ISINA.lt#tKlEs--Elo.D-sKlG3--paths in the Riemannian symmetric{

space H
- Kk }

5- Ch) =
'

z fo'll hittin dt = path length of h in H
There is a unique minimizing geodesic between any
two points in H (since It is simply connected of sectional
curvature so ) so F : B.→ IR has a unique
minimum up to Ko . This proves the Kempf -Ness theorem .



1-*K E pikaHeo E Albo E G
-
> For all AE it

,
F ! gets , g -GA , gas - i

Ars gli )



Hypertension
A = { A : Lo , I ]→ ko IH l Aee }

infinite - dimensional hyperKohler manifold
Ko 0 A

,
k . A = kAh" - titi '

hyperKainer moment map : Ma'-f÷¥I÷÷÷}¥¥÷ )
µ
-'

CoVKo = moduli space of solutions to Nahm's equations
(finite -dimensional hyperkiihkr manifold )



o -dim kN :(Donaldson 1984 )

µ
"

Ko E juicy.yes. .

Ma -Moti MK .

A - { ( Ao, AD : co , is→ age } , fuelAo, til = it , t Lto , Ai]
⇒ piccolo E TtG
Theorem (Kronheimer 1988) T*G is hyperkiihler
Proof of Donaldson's Theorem . Same as above ,

but now

F : coccoid
,
H)→ IR

,
Foh) - I till Ict Nhl)

Wh) - HAdwell
'

" particle moving under a potential
"

By Calculus of variation : For each h . .haEH, I ! path from h, to haminimizing h . O
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(1989)

[9] Thomas, R.P.: Notes on GIT and symplectic reduction for bundles and
varieties. In: Surveys in differential geometry. Vol. X, Surv. Differ.
Geom., vol. 10, pp. 221–273. Int. Press, Somerville, MA (2006)

[10] Woodward, C.T.: Moment maps and geometric invariant theory. arXiv
preprint arXiv:0912.1132 (2009)

Symplectic reduction

[1] Abraham, R., Marsden, J.E.: Foundations of mechanics. Ben-
jamin/Cummings Publishing Co., Inc., Advanced Book Program, Read-
ing, Mass. (1978). Second edition, revised and enlarged, With the assis-
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