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1 Introduction

Nahm'’s equations are a system of non-linear ordinary differential equations
naturally appearing in gauge theory. They are especially important for hy-
perkdhler geometry, i.e. the study of Riemannian manifolds (M, g) with three
complex structures 7, J, K that are Kahler with respect to g and satisfy the
quaternionic identity IJK = —1. Nahm’s equations are an essential tool to
construct many non-trivial examples. They depend on a choice of a com-
pact Lie group G, and have been used to construct hyperkéhler structures



on various manifolds associated to G, such as the cotangent bundle T*G¢ of
its complexification G¢ [38], and all coadjoint orbits in g¢ [40, 39, 37, 7].

Concretely, Nahm’s equations are the first-order system of ODEs for
quadruples of maps Ay, A1, Az, A3 from an interval I C R to the Lie algebra
g of a compact Lie group G given by

A1 + [Ao, A1] + [A2, A3] =
A2 + [Ao, Ao] + [A3, Ai]
A3 + [Ao, As] + [A1, Ay

0
0
0.

There is also a natural action of the group of smooth maps I — G on the set
of solutions to Nahm’s equations. Hence, by choosing different intervals [
and imposing suitable boundary conditions, we can construct various moduli
spaces of solutions to Nahm’s equations. In many cases, those moduli spaces
are finite-dimensional hyperkahler manifolds. The hyperkéhler structures
ultimately descend from writing A = Ay + Ai + Asj + Ak where i, j, k € H
are the quaternions and viewing the moduli space as an infinite-dimensional
hyperkdhler quotient [30], a concept which we will review in §3.

Nahm’s equations can be seen as a special case of the anti-self-dual (ASD)
equations from gauge theory. Those are non-linear partial differential equa-
tions that first appeared in physics, namely, Yang—Mills theory. They are the
condition that a connection A on a principal G-bundle over a four-manifold
M has anti-self-dual curvature Fy, i.e. xF'y + Fy = 0, where x* is the Hodge-
star operator. We will review in §2 how Nahm’s equations can be seen as the
ASD equation for an R? invariant connection on R*, as an example of dimen-
sional reduction. The concept of dimensional reduction of the ASD equations
has been extremely useful for getting interesting hyperkahler moduli spaces.
Other examples include moduli spaces of monopoles [28, 1, 32, 16, 25] and
Higgs bundles [29], as we will review below.

We will then describe various moduli spaces of solutions to Nahm’s equa-
tions and explain a few interesting properties, focusing on the cases where the
interval I on which Nahm’s equations are defined is bounded. More precisely,
in §4, we describe the most basic case where I is a compact interval [a, b|
and solutions are smooth throughout. This gives Kronheimer’s hyperkahler
metric [38] on the cotangent bundle 7*G¢. Then, in §5, we discuss Nahm’s
equations on an open interval (a,b) with prescribed poles at the boundary
points, following Bielawski [4]. This gives other interesting hyperkahler man-
ifolds associated to GG generalizing those relevant for monopole moduli spaces



28, 1, 32, 16], and can also be used to construct new hyperkéhler manifolds
from old by the so-called hyperkdhler slice construction.

2 The ASD equations and its reductions

In this section, we review the anti-self-duality (ASD) equations and its re-
ductions, including Nahm’s equations. See, for example, [17, 2, 19] for intro-
ductions to gauge theory and the ASD equations.

2.1 The general ASD equations

Let M be an oriented Riemannian 4-manifold, G a compact Lie group, and
P — M a principal G-bundle over M. Let A € QL(g) be a connection on P
and F4 € Q3,(ad(P)) its curvature. Then, because M is 4-dimensional, the
Hodge star operator maps two-forms to two-forms. Hence, it makes sense to
require that

x4+ F4q=0.

This equation is called the anti-self-dual Yang-Mills equation, or the ASD
equation for short. The self-dual version *F'y = F4 is equivalent to the ASD
equation by switching the orientation of M. If we simply ask that xFy is
proportional to Fy, say, *F4 = AF4, then because **> = 1, we get A\ = 1 so
A=+l

To see where this equation comes from, suppose first that M is compact
and consider the Yang—Mills functional

YM: A / IEAl.
M

from the space of connections on P to R, where ||Fy4||* is computed using
the Riemannian metric on M and a choice of invariant inner-product on
g = Lie(G). The Euler-Lagrange equation for the Yang-Mills functional is

da* Fy=0¢ Q3 (ad(P)),

which is a second order PDE called the Yang—Mills equations. If xFy = +F4
then we automatically get the Yang—Mills equations d4 x Fiy = 0 by the
Bianchi identity. In fact, solutions to xF4 = +F)4 are the absolute minimum
of the Yang—Mills functional. The advantage of the ASD equations over the
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full Yang—Mills equations is that they are first-order PDEs and hence their
analysis is much simpler.

Let Aut(P) be the group of automorphisms of P, i.e. G-equivariant
smooth maps ¢ : P — P commuting with the projections to M. Then,
Aut(P) acts on the space of ASD connections by pullbacks. More precisely,
for ¢ € Aut(P) and a connection A € Qh(g), we define - A == (p~1)*A €
QL(g), which is another connection, and it satisfies the ASD equation if A
does. (We take (¢o7!)*A instead of ¢*A so that this defines a left action.)

To find a reduction of the ASD equation, we start by taking the model
space M = R* and look for solutions to the ASD equations that are invariant
under some subgroup I' of translations of R*. For example, I' could be
translations in the last three coordinates. Then, we try to interpret the
connection A as a connection on R*/T" plus some extra “fields”. The next
step is to rewrite these equations in a coordinate independent way, so that it
makes sense for principal bundles P on other spaces M modelled on R*/T.
Then, the gauge group of P acts on the space of connections and fields to
give another moduli space, which is often hyperkédhler. More precisely, if
A is the space of connections and Higgs fields on M and G the group of
gauge transformations, there is often a subset A° C A satisfying appropriate
boundary conditions helping us defining a metric, and a subgroup G° C G
acting freely on A° and whose hyperkahler moment map condition is given by
the reduction of the ASD connection, giving us a hyperkédhler moduli space.
Let’s see examples.

2.2 ASD on R* — instantons

Consider the special case of M = R* with the flat metric and the trivial prin-
cipal bundle P = M x GG. Then, connections can be written A = Z?:o A;dxt
and the curvature as F' = 37, . 5 Fj;da’ A da?, where

Then, the ASD equation is

For + Fy3 =0
Foo+ F3 =0



Expanding everything, we get the non-linear PDE

80141 — ale —|— 32A3 — 83142 —|— [Ao, Al] + [AQ, Ag] - O
OpAy — 0o Ag + 03A1 — 01 Az + [Ag, As] + [A3,A1] =0
A3 — O340 + 01 Ay — DAy + [Ap, Ag] + [A1, A = 0.

Since P is trivial, the group of gauge transformations can be identified with
the group G of smooth maps from R* to G. The action in this gauge reads

g-A=AdgA— (dg)g",

or in coordinates,
(g A)i = Ady A; — (9ig)g ™"

Here the notation (9;g)g~' makes sense for a matrix Lie group, where it is

simply matrix multiplication. In general, we view 9;g(z) € TG for x € R*
and then (8;9(z))g(x)~" is defined as dRy,)-1(9;9(x)) € TG = g.

2.3 Reduction to 3D — the Bogomolny equations

Choose a splitting R* = R x R3 into time and space and consider connections
which are time-invariant, i.e. invariant under translations in the first R-factor
of R x R?. Then, we can write the connection as ®dz’ + Z?Zl A;dzt, where
®, Ay, Ay, A3 are maps R3 — g. We can view this more invariantly as a
connection A = 27 A;dz’ on the trivial principal G bundle P over R?
and a section ® of ad(P) called the Higgs field. Then, the ASD equation is
equivalent to
*d A@ =F A-

This equation makes sense on any principal G-bundle P over a 3-manifold
M, where A is a connection on P and & a section of ad(P). This is called
the Bogomolny equation and its solutions are called monopoles [25, 1]. These
equations have been studied in great details especially for the trivial principal
SU(2)-bundle over R?® [28, 16, 1] and for other groups [31, 32, 48]. For
compact 3-manifolds, all monopoles are trivial, but we can consider other
non-compact Riemannian 3-manifolds such as, for example, the hyperbolic
three-space [51].

The group of gauge transformations of P — R? preserves the Bogomolny
equation. Thus, by imposing suitable boundary conditions at infinity, we can
construct a moduli space of monopoles, which is often hyperkahler.

6



2.4 Reduction to 2D — the Hitchin equations

Now, consider M = R? x R? and look for connections which are invariant
under translations in the second R2-factor. Write such connections as Aydxz®+
Avdxt + ¢oda® + ¢sdz®, where A;, ¢; : R?2 — g. Again, we view A = Aydx® +
Aidx! as a connection on R?. To interpret (¢, ¢3) in a coordinate-invariant
way, identify the first R2-factor with C via z = 2° 4 iz! and define

@:;@—w@m69$@am®cy

where P is the trivial principal G-bundle over C. Then, the ASD equations
become

Fy+[®,0]=0
04® =0,

which are the celebrated Hitchin equations [29, 26]. These equations are in-
variant under conformal transformations, and hence make sense on a compact
Riemann surface . Through an adaptation of the Kobayachi-Hitchin corre-
spondence, the moduli space of solutions to the Hitchin equations over X is
isomorphic to the moduli space of stable Higgs bundles over ¥, i.e. holomor-
phic principal G¢-bundles P over ¥ together with a section of ad(P) @ T*X.

2.5 Reduction to 1D — the Nahm equations

Consider M = R x R? and connections which are invariant under translations
by R3. Such a connection can be written Agdx® + A;dx' 4+ Ayda?® + Asda®,
where A; : R — g. Again, we can view this as a connection A on the trivial
G-bundle P over R and a Higgs field ® = A7 + Asj + Ask : R — g ® Im H,
viewed as a section of the vector bundle ad(P) ® H over R. Then, the ASD
equations are equivalent to

1
*da® + S [®, @] = 0.

In components, this is

A1 + [Ao, A1] + [A2, A5
A2 + [Ao, As] + [A3, A1
A3 + [Ao, As] + [A1, Ao

0
0
0



and those are called Nahm’s equations, first introduced by Nahm in [49] (but
reinterpreted as a reduction of the ASD equation as above by Donaldson
[16]). They play a central role in the study of monopoles [28, 16, 32, 50|, but
also in the construction of non-trivial hyperkahler structures on manifolds
associated to G [40, 39, 37, 7, 38, 4, 12, 8, 14, 11], which is the main focus
of these lecture notes. See [6, 12, 4] for other reviews.

The group of gauge transformations of P — R acts on (A, ®) preserving
Nahm'’s equations. In coordinates, a gauge transformation is a map ¢ : R —
G and acts by

qg: (AQ, Al, AQ, Ag) = (Adg A() - ggil, Adg Al, Adg Ag, Adg Ag)
The notation gg—! makes sense for a matrix Lie group (and every compact
Lie group is one), but it can also be made invariantly by viewing §(t) € Ty, G
and using right translation Ryy)-1 : G — G to map this to dRy)-1(g(t)) €
T'G = g. Then, the map R — g : t = dRy)-1(g(t)) is smooth. Equivalently,
this map is t — 6(g(t)) where 6 € QL. (g) is the right-invariant Maurer—
Cartan form.

When G = U(n), there is another useful way of thinking about Nahm’s
equations. Namely, a principal U(n)-bundle over I is equivalent to a Her-
mitian vector bundle E of rank n on I. Then, the Aj-component can be
viewed as a connection V : Q%(E) — Q}(F) and the Higgs field components
Ay, Ay, Az as three skew-adjoint sections of End(F). Then, Nahm’s equations
are equivalent to

Vo, A1 + [Az, A3]

Vo, As + [As, A1) =0
Vo, As + [Ar, As] = 0.

The gauge group G is the group of automorphisms of E preserving the her-
mitian metric and acts on (V, Ay, As, A3) by

g-(V, A1, Ay, A3) = (Vg ', gA1g7 " gAsg7 ", gAsg™").

To see examples of solutions to Nahm’s equations, consider the case G =
SU(2) and let 01, 09,03 € su(2) be a basis with

[01,02] = 03, [02703] =01, [03,01] = 03.



Then, A = (0,01/t,09/t,03/t) is a solution with a first-order pole at ¢t = 0.
More generally, for any 0 < k < 1 and 0 < D < 2K (k), where K is the com-
plete elliptic integral of the first kind, we may take A = (0, fio1, fo09, f303),
where

Deng(Dt) 1 D*k—2) 3

A(®) sny(Dt) t + Tt +0()
_ Ddng(Dt) 1 D*(1 — 2k) 3
RO =g “it 6 ro®
D 1 D*k+1) 5

f3(t> - Snk(Dt) - ; + 6 L+ O<t )7

and sny, cng, dny, are the Jacobi elliptic functions with elliptic modulus k. We
recover the first case by letting D — 0. When D = 2K (k), we get another
pole at t = 1 with residues o. Also, by letting k — 0, we get

D cos(Dt)
MO ="Gon
D
1200 = D8
D
s = Son

By [14], every solution to the SU(2)-Nahm equations with a first-order pole
of residues o at t = 0 can be obtained from such a solution by acting by the
gauge group G = {g: I — G : g(0) = 1} and by an SO(3)-action which will
be described in §4.3.8.

3 Hyperkahler manifolds and their quotients

We now give a brief introduction to hyperkahler manifolds and their quo-
tients. See, for example, [15, 27, 30] for other reviews.

3.1 Hyperkahler manifolds

A hyperkdhler manifold is a smooth manifold M with a Riemannian metric
g and three complex structures I, J, K that are Kahler with respect to g
and satisfy IJK = —1. In other words, I, J, K behave like the quaternions
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1,7, k € H, and hence hyperkahler manifolds can be viewed as manifolds mod-
elled on the quaternions. Each tangent space T),M is an H-module through
the action of I, J, K and hence is isomorphic to H" for some n. In particular,
hyperkahler manifolds always have dimension a multiple of four.

Hyperkahler structures are much more rigid than Kahler structures, and
also much rarer. The space H" of n-tuples of quaternions is of course
an example, but non-trivial examples are quite difficult to construct. Hy-
perkéhler manifolds can equivalently be described as 4n-dimensional Rieman-
nian manifolds with holonomy contained in the compact symplectic group
Sp(n) € GL(4n,R). Hence, their existence was anticipated in the 1950s by
Berger’s list [3] of possible holonomy groups, which contains Sp(n) for all n.
However, the first non-trivial examples only came 20 years later, namely, Cal-
abi [9] showed that T*CP" has a Riemannian metric with holonomy Sp(n).

One way to see the rigidity of hyperkéahler structures and the reason it
took so long to construct examples, is to look at hyperkahler submanifolds.
In Kéhler geometry, we have the two main examples, C* and CP", and
non-singular subvarieties of those are new, often highly non-trivial, Kahler
manifolds. In hyperkahler geometry, however, this method does not work. It
is is natural at first sight to expect that using “quaternionic polynomials” of
some sort we can produce interesting hyperkahler submanifolds of H". But
this cannot be the case as the only hyperkahler submanifolds of H" are copies
of H* (k < n) embedded as affine linear quaternionic subspace [21, Theorem
5]. Also, HP" is not hyperkahler (but it is quaternionic-Ké&hler; see Swann
[55]) and does not have any non-trivial hyperkéhler submanifold either [21].

So taking subspaces does not give anything new, but there is another
way of getting new hyperkahler manifolds from old, which does give inter-
esting results even for H". This the notion of hyperkéhler quotients [30] (or
hyperkéhler reduction), an extension of the notion of Kéhler quotients (or
symplectic reduction).

3.2 Riemannian quotients

We begin by reviewing the notion of Riemannian quotients, which is the first
step in the hierarchy of quotients of which hyperkéahler quotients is the third.
At each step of the hierarchy, a new idea will be introduced.

Let (M, g) be a Riemannian manifold and G a compact Lie group acting
freely on M by preserving the metric g. Then, the orbit space M/G has a
unique smooth structure such that the quotient map M — M /G is a smooth
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submersion. Moreover, there is a canonical Riemannian metric induced on
M/G. One way to see this structure is to take for each point p € M the
orthogonal complement H, of V,, := kerdm, so that T,M =V, ® H,. Then,
the restriction dm, : H, = Tr4)(M/G) is a linear isomorphism, so we can
use the inner-product on H, to get one on T, (M/G). The G-invariance of
the Riemannian metric on M ensures that this is well-defined, and this gives
a Riemannian metric g on M/G. Equivalently, g is uniquely characterized
by the formula

g( X, Y)omr=g(X", Y™ (3.1)

for all vector fields X,Y on M/G, where X* Y* are the horizontal lifts of
X,Y on M.

More generally, a smooth map between Riemannian manifolds 7 : (M, g) —
(N, g) satisfying (3.1) is called a Riemannian submersion. Any such map has
the property that if v € T,,M is horizontal (i.e. orthogonal to ker dm,) then
the unique geodesic v starting at v is horizontal at each point and 7oy is a
geodesic on N (see e.g. [45]). In particular, if M is a complete Riemannian
manifold (i.e. geodesics are defined for all times) then so is N.

We summarize the discussion in the following theorem.

Theorem 3.1. Let (M, g) be a Riemannian manifold and G be a compact Lie
group acting freely and by isometries on M. Then, the quotient space M /G
inherits a Riemannian metric g uniquely characterized by (3.1). Moreover,
if (M, g) is complete, then so is (M /G, g).

3.3 Kahler quotients

We now recall the notion of K&hler quotients, following [30, §3(C)]. Let
(M, g,w,I) be a Kéhler manifold and G a compact Lie group acting freely on
M by preserving the Kahler structure. The theory works more generally for
non-free actions, but we would have to discuss stratified symplectic spaces
and complex-analytic spaces [54, 53, 23], which we omit for conciseness.
Let g be the Lie algebra of G. For € g we denote by % the vector field
on M generated by this action. Since G preserves the Kahler structure, we
have £,+w = 0 and by Cartan’s formula, this gives i,4dw+d(i,#w) = 0. Since
w is closed, we get that all one-forms 74w are closed. Suppose that they are
in fact exact and write 1,4w = du, for some smooth function pu, : M — R.
In other words, we suppose that 27 is a Hamiltonian vector field and that
1, is the Hamiltonian function. Such an action is called Hamiltonian and
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in that case we can arrange all smooth functions p, into a single smooth
map p : M — g*. If we can arrange p to be G-equivariant with respect to
the coadjoint action on g*, we call the result a moment map. We say that
a Hamiltonian Kdhler manifold is a triple (M, G, u), where M and G are as
above and p is a fixed choice of moment map.

In that case, it is easy to show that y is a submersion so Z = p~1(0) C M
is a smooth submanifold. If we restrict the two-form w on Z, i.e. consider
1*w where ¢ : Z — M, we get in general a degenerate two-form. However,
the spaces (7,2)“ where the symplectic form vanishes on all tangent vectors
of Z is precisely the tangent space T,,(G - p) of the orbit through p (which is
contained in Z by equivariance). Hence, the quotient manifold Z/G (which
is smooth by the freeness assumption) inherits a non-degenerate closed two-
form, i.e. it is symplectic, and is called the symplectic reduction of M by
G with respect to p, a concept introduced by Marsden—Weinstein [41]. The
symplectic form w on Z/G is uniquely characterized by the fact that 7*w =
i*w, where 7 : Z — Z/G is the quotient map.

All the above discussion only uses the symplectic form, but we can also
incorporate the full Kahler structure. First, we get an induced Riemannian
metric g on Z/G using the subspace metric on Z, which is G-invariant. It
turns out that § and @ are always compatible with a complex structure I,
making Z/G into a Kihler manifold. The complex structure I on Z/G sends a
vector v € T,Z/G to dm(Iv*) where v* € T,,Z is the horizontal lift (I preserves
the horizontal bundle H, so this formula makes sense). The integrability of
this almost complex structure can be verified by computing directly that it
is covariantly constant with respect to the Levi-Civita connection of g. See
30, §3(C)] for details.

Moreover, if M is geodesically complete, then so is the Kahler quotient
p~1(0)/G. To see this, we use the Hopf-Rinow theorem to observe that
p~1(0) is geodesically complete since distances on p~!(0) are greater than
or equal to distances on M. Then, p~*(0)/G is complete since p~'(0) —
= 1(0)/G is a Riemannian submersion.

To sum up, we have:

Theorem 3.2. Let (M, g,I,w) be a Kdhler manifold, G a compact Lie group
acting freely on M by preserving the Kahler structure, and u : M — g* a
moment map with respect to w. Then, p='(0)/G is a smooth manifold and
has a unique Kdhler structure (g,1,@) such that ™0 = i*w and g is the
quotient metric of i*g, where w : u~1(0) — p~1(0)/G and i : p71(0) — M.
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Moreover, if g is complete, then so is g.

Now, in most cases, the complex structure can also be viewed by a dif-
feomorphism with a quotient of M by a complex Lie group. For that, we
need to add a few extra assumptions. First, that the action of G extends to
a holomorphic action of its complexification G¢. Recall that G¢ is a complex
Lie group (i.e. a group with a complex manifold structure such that the mul-
tiplication and inversion maps are holomorphic) uniquely determined by the
property that Lie(Gc) = g ®g C = gc and G C G¢ is a maximal compact
subgroup. This assumption is equivalent to the requirement that the vector
fields Ix* for x € g are all complete, so this is an integrability assumption
and does not incorporate any additional choice.

There is a general theorem [53, 23] which says that p=1(0)/G = M*/G¢
for some Gc-invariant open set M C M called the set of semistable points.
Moreover, this works even for non-free actions if we replace the complex
quotient by a categorical quotient in the category of complex-analytic spaces.
But we will omit this theory and argue from first principle that x=1(0)/G =
M /G¢ under some assumptions (so we will have M® = M here). See, for
example, [58, 17, 57, 33, 52, 35, 47, 22, 53, 23, 34, 44] for more on this subject.

The fist assumption is that we have a global Kahler potential f : M — R
(i.e. w = 2i00f) which induces the moment map in the sense that u(p)(z) =
df([:l:#) for all p € M and x € g. Note that if we start with a G-manifold
M with any G-invariant Kéahler potential f, then this formula always de-
fines a moment map. The point is that if f is proper and bounded below
on each Ge-orbit, then the inclusion p~1(0) € M descends to a biholomor-
phism 171(0)/G = M/Gc. Here, M/Gc inherits the structure of a complex
manifold since the action of G¢ on M is free and proper. To prove this dif-
feomorphism, we have to show that every G¢-orbit through a point p in M
intersects p~!(0), and that this intersection is precisely a G-orbit. To do so,
we consider the map

F:Ge— R, Flg)=f(g-p)

Then, the formula for x4 in terms of f implies that if ¢ € G¢ is a critical
point of F then pu(g - p) = 0. Thus, we wish to minimize F. In fact, since
f is G-invariant, we may view this as a map F : H — R where H = G¢/G
is the set left cosets. Now, recall that H = g is a Riemannian symmetric
space of non-compact type, with non-positive curvature. In particular, it
is geodesically convex (every two points are joined by a unique minimizing
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geodesic). Moreover, the function F : H — R is geodesically convex, i.e.
for every geodesic 7, the composition F o v is convex in the usual sense. To
show this, it suffices to observe that geodesics are of the form G exp(itx)g
for x € g and g € G¢ and we have

2

d ) u
@}"(G exp(itz)g) = |27,

I
where the norm is computed using the Riemannian metric on M. Moreover,
since f is proper and bounded below on G¢-orbits, F attains a minimum,
and by geodesic convexity, this minimum is unique. Here we are using that
Gc-orbits are closed and hence embedded. The closedness of the orbits is
true for any free complex-algebraic action, but also more generally for any
free Hamiltonian action [20, Theorem 3.5]. In other words, we have shown
that for all p € M there is g € G¢ such that u(g-p) = 0 and that any other
such ¢’ € G¢ is of the form ¢’ = kg for k € G. Thus, the map

p(0)/G — M/Ge

is a bijection. It is also easy to check that it is holomorphic with respect to I
and hence is a biholomorphism. Moreover, the Kahler potential f : M — R
descends to a Kihler potential f: u~1(0)/G — R.

The above discussion can be generalized by having, instead of a Kahler
potential f, a holomorphic line bundle . — M with a unitary structure
whose curvature induces the Kéhler form w. However, for most applications
on hyperkahler manifolds, the above version suffices.

We summarize the above discussion in the following theorem.

Theorem 3.3. Let (M, g,I,w) be a Kihler manifold with a global Kdhler
potential f : M — R and let G be a compact Lie group acting freely on M
by preserving f and the Kahler structure. Then, there is a moment map
w: M — g* for this action given by u(p)(z) = df(Ixf) for p € M and
x € g. Moreover, if f is proper and bounded below on each G¢-orbits, then
the inclusion pu=1(0) € M descends to a biholomorphism

p0)/G —— M/Gg¢

with respect to the Kahler structure on u='(0)/G obtained from reduction and
the complex structure on M/G¢ descending from M.
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3.4 Hyperkahler quotients

We now review the notion of hyperkahler quotients introduced by Hitchin—
Karlhede-Lindstrom—Rocek [30].

Suppose that (M, g,1,J, K) is a hyperkiahler manifold and that G is a
compact Lie group acting on M by preserving the hyperkahler structure.
We will still assume that the G-action is free, but the whole story extends
to the non-free action with a certain notion of stratified hyperkéahler spaces
(13, 42].

A hyperkdhler moment map is a map pu = (pr, py, px) : M — g* @ Im H
whose three components py, p7, g are moment maps with respect to the
Kahler forms wr,wy,wg of I,J, K.

In that case the map

pe = py +ipx : M — gg

is holomorphic with respect to I and is a submersion. Hence, the level set
pe'(0) € M is a complex submanifold with respect to I and hence also
a Kahler manifold. Moreover, the moment map p; restricts to a moment
map pa'(0) — g* for the action of G on pg'(0). Thus, we can perform the
Kihler quotient to get a Kihler manifold ;' (0) N pz'(0)/G. But pu;'(0) N
pe'(0)/G = p~(0)/G so the situation is entirely symmetric and we can
switch the roles of I, J, K to get three Kéhler structures I, J, K on u~1(0)/G
with the same Riemannian metric g and satisfying IJK = —1. In other
words, 1~ 1(0)/G is a hyperkédhler manifold, called the hyperkdhler quotient
of M by G with respect to u. We can check that the Kahler forms w;, @y,
wr on u1(0)/G satisfy m*o; = i*wy, ™0y = fwy, O = i*wg, where
7w (0) = p7(0)/G and i : u='(0) — M, and this characterizes them
uniquely. Moreover, a hyperkahler structure is completely determined by its
three Kihler forms (we have, e.g. I = w;'wy), so this condition determines
the whole hyperkéhler structure. Also, by the same argument as for Kahler
quotients, if M is complete, then so is the hyperkahler quotient.

Theorem 3.4 ([30]). Let (M, g,1,J, K) be a hyperkdihler manifold, G a com-
pact Lie group acting freely on M by preserving the hyperkahler structure,
and p : M — g* ® ImH be a hyperkahler moment map. Then, the quo-
tient 1=1(0)/G is a smooth manifold and has a unique hyperkihler struc-
ture (g, I,J, K) such that m@; = i*wy, T°w; = i*wy, Tk = i*wg, where
7 p H0) = p(0)/G and i : pt(0) — M. Moreover, if M is complete,
then so is u=1(0)/G.
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Definition 3.5. In the setup of Theorem 3.4, the quotient ;1 ~1(0)/G is called
the hyperkahler quotient of M by G with respect to p and is denoted

M/, G=u"0)/G,
or simply M /J/ G if the moment map p is understood.

Now, just like the Kahler case, we can express this quotient in the cat-
egory of complex manifolds by supposing that the G-action extends to an
I-holomorphic Ge-action and that the first Kéhler structure (I,w;) on M
is induced by a G-invariant global Kahler potential f : M — R such that
pr(p)(x) = df (Iz7). Then, Theorem 3.3 implies that the inclusion p~'(0) C
e (0) descends to a biholomorphism

wH0)/G = 1z (0)/Ge. (3.2)

But this biholomorphism respects more structures. First, note that we =
wy+iwg is a non-degenerate holomorphic two-form on (M, I), i.e. (M, I, wc)
is a complex-symplectic manifold. Moreover, G¢ preserves we and pc is a
holomorphic moment map for the action of G¢ on (M, I,wc). Hence, the
right-hand side of (3.2) has a natural complex-symplectic structure, com-
ing from a holomorphic version of symplectic reduction. But the left-hand
side, being a hyperkihler manifold (z~*(0)/G, g, I, J, K) also has a complex-
symplectic form, namely, @; + iwg. Then, the biholomorphism (3.2) is in
fact an isomorphism of complex-symplectic manifolds. We summarize this
in the following theorem.

Theorem 3.6. Let (M, g, 1, J, K) be a hyperkdhler manifold and G a compact
Lie group acting freely on M by preserving the hyperkdhler structure. Suppose
that there is a G-invariant global Kdhler potential f : M — R for (M, g,1)
and a hyperkdhler moment map p: M — g*@ImH whose first component iy
15 induced by f. Suppose also that the G-action extends to an I-holomorphic
Gc-action and that f is proper and bounded below on each Gg¢-orbit. Then,
the inclusion p=*(0) < pus"(0) descends to an isomorphism

p70)/G —— pg'(0)/Ge.

of complex-symplectic manifolds, where the left-hand side has the complez-
symplectic structure (I, @y +iwy) induced from the hyperkihler structure ob-
tained from the hyperkdhler quotient, and the right-hand side has the complex-
symplectic structure obtained from complex-symplectic reduction.
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Again, this theorem can be generalized to the case where G does not
necessarily acts freely, but we have to replace ug'(0)/Ge by a categorical
quotient in the category of complex analytic spaces, or in many situations,
by a GIT quotient.

3.5 Twistor spaces

Twistor theory for hyperkahler geometry gives a one-to-one correspondence
between hyperkaher manifolds and certain complex manifolds with additional
holomorphic data. This was introduced in [30]. The advantage of this method
is to encode the Riemannian metric and other C* data with purely holomor-
phic objects in complex geometry.

We begin by recalling a few facts about the quaternions. Let Sp(1) C H
be the group of unit-norm quaternions. Recall that Sp(1) = SU(2) via

u

Sp(1) — SU(2), u+vj|—><:_j —_“>7

where we use that every quaternion ¢ € H can be uniquely expressed as
q = u+ vj for u,v € C. This description of SU(2) makes the double cover
SU(2) — SO(3) easy to see. Indeed, for every ¢ € Sp(1), the map

A, H—H, p+—qpg "

is an isometry. Moreover, we have Re(gpg*) = Re(p)]|q||?, so A, restricts to a
map ImH — ImH and hence A, € SO(Im H). Thus, using the standard basis
i,7,k € ImH, we have a natural Lie group homomorphism map Sp(1) —
SO(3), whose kernel is {1} C Sp(1).

To make this map more explicit, identify C? := C2? — {0} with H* via
(u,v) — u + vj and consider the composition

C? — Sp(1) — SO(3),

where the first map is the projection on the unit-quaternions using H* —
Sp(1) : ¢ — q/|lq||- A straightforward computation shows that this map is

lul* —v]*  2TIm(ud) 2 Re(uv)
2Im(uv) Re(u? +0v?) —Im(u® —v?)
—2Re(uv) Im(u? +v?) Re(u® —v?)

1

\
" Juf? + Jof?

(u, v)
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Note that the first row is C*-invariant and descends to a diffeomorphism
CP' — S?, which is explicitly given by

lul> = |v]? 2Im(uv) 2Re(ud) )

ul? + [0 [ul? + [o?" [ul* + [v]* ]

¢ : CP' — 52, [u:v]r—><

Now, the definition of the twistor space of a hyperkahler manifold M is
as follows. Let M be a hyperkéahler manifold with complex structures I, J, K
and Riemannian metric g. Then, for any (a,b,c) in the unit two-sphere,
al 4+ bJ + cK is another integrable complex structure which is Kahler with
respect to g. Using the diffeomorphism CP' — S? above, let I, for ¢ € CP*
be the corresponding complex structure.

Then, Z := M x CP' can be given a complex structure which at a point
(p, Q) is given by I, ¢ = (I¢,4) where ¢ is the standard complex structure
on CP'. Then, I is integrable, making Z into a complex manifold encoding
all three complex structures on M. We can recover all complex structures
by noting that the projection 7 : Z — CP' is holomorphic and the fibre at
¢ € CP! is biholomorphic to (M, I;).

Moreover, each point p € M gives rise to a holomorphic section of 7,
namely, o, : CP' — Z : ( + (p,(). These section have more special prop-
erties. First, they are compatible with the real structure 7 : 7 — 2 :
(p,¢) = (p,—1/C¢) on Z. The holomorphic sections o, have the property
that 0,07 = 700, where 7’ is the antipodal map on CP'. Another property
satisfied by any such section o), is that its normal bundle N — CP" is isomor-
phic to O(1)%2" where dim M = 4n. Then, M is in bijection with the set of
holomorphic sections of 7 : Z — CP' compatible with 7 in this way and with
normal bundle O(1)%?". Such sections are called twistor lines. Moreover, by
a theorem of Kodaira [36] in deformation theory, the set of twistor lines can
be given the structure of a smooth manifold and hence the manifold M is
completely encoded by Z.

In fact, the metric g can also be encoded into holomorphic data on Z. We
first observe that ¢ is determined by the symplectic forms wy, wy, wg. Then,
recall also that w;+iwg is a complex-symplectic form with respect to I. More
generally, for any oriented orthonormal frame in R3, we have another triple
I', J', K’ of complex structures and hence another I’-holomorphic symplectic
form wy + iwgs. In particular, for each fixed ¢ € CP', we have a circle of
holomorphic-symplectic structures on M. In fact, we can multiply this by a
real number and get another complex-symplectic form, so we can say that
there is a canonical C*-family of complex-symplectic form on each fibre of
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Z — CP'. There is no canonical element in this family however, so we have
to be more careful if we want to express this globally on Z. To do so, define
VYV, = kerdn C T'Z, the vertical bundle of the fibration Z — CP!. Then, each
member of this family is an element of A?V}. We cannot find a holomorphic
section of A%V} over Z which will pick a single choice of complex-symplectic
form, but the symplectic forms do determine a holomorphic section of A*V;®
7*O(2) where O(2) is the line bundle of degree 2 on CP'. To see this note
that choosing a frame I’, J', K’ is equivalent to choosing an element of SO(3).
Now, using the covering C? = H* — Sp(1) — SO(3) explained above, the
holomorphic-symplectic form corresponding to the image of (u,v) € C? in
SO(3) is

1

EENLE (u® (wo + iwsz) — 2iuvw; + v*(wa — iw3)) -

Now, multiplying by the constant |u|?> + |v|* we get
w?(wy + iws) — 2iuvw; + v (wy — ws).

which depends holomorphically on u,v. Since this is a homogeneous polyno-
mial of degree 2, it defines a section of A2V} ® 7*O(2).

We call Z together with the fibration = : Z — CP', the real structure
7 : Z — Z, and the section of A*V} the twistor space of M. Then, all this
holomorphic data completely encodes M and its hyperkahler structure.

Theorem 3.7 ([30]). Let Z be a complex manifold of dimension 2n + 1
equipped with

(i) a holomorphic section 7 : Z — CP',

(ii) a holomorphic section w of A*V} @ 7*O(2), where Vz = kerdr C TZ,
defining a holomorphic-symplectic form on each fibre, and

(iii) an anti-holomorphic involution T : Z — Z covering the antipodal map
7' CP' = CP' and satisfying T™°w = w.

Then, the set M of twistor lines, i.e. holomorphic sections o of ™ with normal
bundle O(1)%2" and such that cot’ = To0, is a 4n-dimensional smooth man-
ifold with three complex structures I, J, K satisfying [JK = —1. Moreover,
there is a natural pseudo-Riemannian metric g on M of type (4k,4n—4k) for
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some k which s pseudo-Kdhler with respect to I, J, K, i.e. I*g =g, J*g = g,
K*g = g, and the two-forms gl, gJ, gK are closed. In particular, if k = n,
then M 1is hyperkdahler.

Moreover, if M' is any hyperkdhler manifold, the hyperkdhler manifold M
associated to the twistor space Z of M' as above has a connected component
isomorphic to M'.

3.6 Hyperkahler rotation

Note that for any ¢ € Sp(1) C H, ¢ig~! is another complex structure on H,
i.e. (qig~)? = —1, and it is of the form qiq~' = ai+bj + ck for (a, b, c) in the
two-sphere. More generally, if I = ai + bj + ck € H with (a,b,c) € S?%, then
I? = —1 and ¢Ig ! is also a complex structure on H of the form a'i +V'j + 'k
where (a/,b', ) € S? is the rotation of (a,b,c) by the image of ¢ in SO(3).

Similarly, on a hyperkdhler manifold (M, g,I,J, K), we can define for
any ¢ € Sp(1) another frame of complex structures I' = qIq~t, J' = qJq 7},
K' = qKq ! satisfying I'JJK' = —1, by letting I’ = al + bJ + cK where
(a,b, c) are the coefficients appearing in the formula qig™' = ai+bj+ck € H,
and similarly for J' and K’. Thus, we can think of Sp(1) as acting on the
two-sphere of complex structures of M by rotations. A hyperkéahler rotation
is, roughly speaking, a geometric realization of this by an action on M.

Definition 3.8. Let (M, g, I, J, K') be a hyperkédhler manifold. A hyperkdhler
rotation is an isometric action of Sp(1) on M such that for all ¢ € Sp(1), the
map

M— M, m—q-m

is holomorphic with respect to I on the left and gI¢g~! on the right. If the
action descends to SO(3) (i.e. {1} C Sp(1) acts trivially), we call it an
SO(3)-hyperkdhler rotation.

The main point about hyperkahler rotation is that the Kahler manifolds
(M,g,I), (M,g,J), and (M, g, K) are all isomorphic. More generally, all
Kéhler manifolds (M, g,al + bJ + cK) for (a,b,c) € S?* are isomorphic, i.e.
there is no special element in the two-sphere of complex-structures.

For example, H" has a hyperkahler rotation given by

q- (P pn) > (qp1s- - qPn)
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for ¢ € Sp(1). This is not an SO(3)-hyperkéhler rotation, but we can also
define

q (P, on) — (apig™ oo qpng ™)

which is an SO(3)-hyperkéhler rotation.

But not every hyperkahler manifold has a hyperkéahler rotation. For in-
stance, moduli spaces of solutions to the Hitchin equations [29] do not have
any hyperkahler rotation, since the complex structures I and J are not iso-
morphic.

4 Nahm’s equations on a compact interval

We now focus on the moduli space of solutions to Nahm’s equations on
a compact interval I = [a,b]. We will explain how this gives us a G x G-
invariant hyperkahler metric on T*G¢ for any compact Lie group G, as shown
in Kronheimer [38] and Dancer-Swann [12]. See also [4, §2], [6], and [56].

Let us first observe how natural it is that T*G¢ has a hyperkahler struc-
ture. Recall this if M is any smooth manifold, the cotangent bundle T*M
inherits a canonical symplectic form, namely, w = —da where « is the
tautological one-form on T*M given by a(v € TT*M) = {(dn(v)) where
w:T*M — M is the bundle map. This also works in the holomorphic set-
ting, so T*Gc is a complex-symplectic manifold. As we have seen in §3.4,
all hyperkahler manifolds have an underlying complex-symplectic structure.
Moreover, by the holomorphic version of the Darboux theorem, on a complex-
symplectic manifold, there is a hyperkéahler structure on a neighbourhood
of every point (but it may not exist globally). Thus, we generally expect
complex-symplectic manifolds to have hyperkahler structures, although they
are in general difficult to construct.

But there is another reason to expect a hyperkahler structure on T*Gc.
If we start with the compact Lie group G together with an invariant inner-
product on g = Lie(G) (which always exist by averaging), we have a canonical
G x G-invariant Riemannian metric on GG. Next, the complexification G¢ is a
complex manifold and we have the polar decomposition, saying that the map
G x g — Gc : (k,x) — ke is a diffeomorphism. Thus, using the invariant
inner-product to identify g* = g, we have a sequence of diffeomorphisms G¢ =
Gxg=Gxg"=T*G, and hence G¢ also has a canonical symplectic form. It
turns out that this symplectic form is compatible with the complex structure,
making G¢ into a Kahler manifold, and this structure is also invariant under
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the action of G x G. Thus, T*G can be viewed as a complexification of
G. The next step is then to consider T*G¢, which should be a kind of
quaternionification of G, and hence it is natural to expect that it has a
G x G-invariant hyperkahler structure. This is true, but this structure is
much less obvious than the case of G and G¢, and we have to rely on infinite-
dimensional quotients to construct it.

But it is interesting that this infinite-dimensional construction also has
more basic analogues which can be used to construct the bi-invariant Rie-
mannian metric on G and the Kéahler structure on TG = G¢. We first
discuss this, as most of the ideas are contained in these easier examples.
This approach is due to Bielawski [6].

4.1 Bi-invariant metric on a compact Lie group from
an infinite-dimensional quotient

Let A be the space of connections on the trivial principal G-bundle over [ =
[0,1] and let G be the gauge group. More precisely, we identify A = C*(I, g)
and G = C%*(I, @), and the action of G on Ais g- A = gAg~' —gg~'. The set
A is a Banach space (with norm ||A|| = ||Al|e + ||A]|oc) and G is a Banach
Lie group. We can also view A as an infinite-dimensional Banach manifold,
where each tangent space is identified with A. Moreover, we can endow A
with a Riemannian metric by the L? inner-product

(X,V) = / (X(0). Y (1)),

for tangent vectors X,Y € A. Moreover, this metric is invariant under the
action of G. The normal subgroup G = {g € G : g(0) = g(1) = 1} acts
freely on A with finite-dimensional slices, so the quotient space A/G° is a
finite-dimensional Riemannian manifold.

To see this, take A € A. Then, elements of G° can be written e* for
x: I — gwith (0) = z(1) = 1. Thus, we get that the tangent space through
the orbit of A is the set of [z, A] — @. Then, using integration by part, we
see that X € A is orthogonal [z, A] — & if and only if fol (X, [z, A] —2) =
f01<X + [A, X],z) = 0 and hence the orthogonal complement to T4(G° - A)
is the space of solutions to the linear ODE X + [A, X] = 0, which is finite-
dimensional, of dimension g. Moreover, if b € C*(I,g) is small enough the
GY-orbit through A-+b intersects this slice exactly once (see Kronheimer [38]).
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The metric on A is invariant under the larger group G and there is a
residual action of G/G° = G x G on A/G°, so the Riemannian metric on
A/G% is G x G-invariant. Now, by taking the holonomy of a connection, we
get a map A — G. More concretely, if A € A, viewed as a map A : [ — g,
then there is a unique solution to the equation gAg~' — gg=! = 0 with
g(0) = 0, i.e. each connection can be gauged by G to the trivial connection.
Indeed, we can put the equation in the form ¢ = gA, which is a linear ODE.
Then, ¢g(1) € G is uniquely determined by A, giving us a map A — G. In
fact, this map is G%invariant and descends to a diffeomorphism A/G° — G
which intertwines the g/go = (¢ x G-action on A/QO with the G x G-action
on G by left and right multiplications. This constructs a bi-invariant metric
on GG, which is, in fact, the usual one.

Remark 4.1. If G is simply-connected, the condition that two elements of .A
are in the same G%-orbit can be defined intrinsically in A without mentioning
G. Moreover, we can define a Lie group structure directly on A/~ without
reference to G, and such that the above diffeomorphism A/~ = G is an
isomorphism of Lie groups. Since A/~ and its Lie group structure then
depends only on the Lie algebra g, this is one way of proving that every Lie
algebra integrates to a simply connected Lie group. This is the approach

taken by Duistermaat and Kolk [18].

4.2 Kahler structure on a complex reductive group
from the “baby Nahm equations”

To get the Kéhler metric on T*G =2 G¢, we complexify, that is, we consider
the space Ac = A ®g C of C! maps A = Ag+iA; : I =[0,1] — gc. We
can view this as an infinite-dimensional Kahler manifold by considering the
Riemannian metric on A¢ given by

(X,Y) = / (X0(t), Yo() + (X1(0), Ya(1)) )t

for X, Y € Ac and the complex structure 1(Xg, X7) = (= X1, Xg). The group
G acts on Ac by

g (Ao, A1) = (gAog™" — g9t gA1g™)

and this action preserves the Kéhler structure. In other words, we can view
Ap as a connection on the trivial principal G-bundle P on interval I and A;
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as a “Higgs field”, i.e. a section of ad(P), and this is the natural action by
automorphisms of P. As before, the subgroup G° C G acts freely on Ac.
Now, we want to take the Kdihler quotient of Ac by G°. First, we have a
moment map for the G-action given by

pAc — C%(1,g), Avr— Ay +[Ag, A4

The interpretation of this as a moment map for the G-action is through the
non-degenerate pairing C°(7,g) x Lie(G°) — R : (z,y) — [, (z,y), where
Lie(G°) = {z € C*(I,g) : ©(0) = x(1) = 0}. To see this, let = € Lie(G°) and
let X,Y € ThAc = Ac. Then, the Kahler form w on Ac is given by

G(XY) = (1X,Y) = [(-X0,Y5) + (X011

and
e A= ([x, Ao] — 7, [z, A)).

Thus,

i (V) = / ([, A1), Yo) + ([, Ag] — &, 3)

X
A I

= [0, A+ 0, ¥i)a) — (8,
I

By integration by part and the fact that (0) = z(1) = 0, we get — fol (#,Y1) =
f01<x,Y1> and hence

fgel) = [ A + (0 Y} = [ (dna(v). ),
where (A) = Ay + [Ag, Ay].

Moreover, j is a submersion and hence the version of the inverse function
theorem for Banach manifolds shows that x~1(0) is a Banach submanifold
of Ac. To see this, we must show that for all A € Ac, the derivative dpu4 :
Ac — C°(I,g) is surjective. In other words, we must show that for all
z € C°I,g) and A € Ac, we can solve the equation

X, + [Xo, Ay] +[Ag, Xi] = 2
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for X € Ac. But this is a first order linear inhomogenous ODE, so we can
always find a solution.

Moreover, G° acts freely and a similar argument as in the preceding sec-
tion shows that this action has finite-dimensional slices so that the quotient
= 1(0)/G° is a finite-dimensional Kahler manifold canonically associated to
G.

Now, by an infinite-dimensional version of the equivalence between Kahler
and complex quotients stated in Theorem 3.3, we have a biholomorphism

p(0)/G° — Ac/Ge

where Ge = C?(I,Gc) is thought of as the complexification of G, and G2 is
the subgroup of g € G¢ which are trivial at the boundary points.

To see this, we imitate the proof of the finite-dimensional case (Theorem
3.3), so we need a G%invariant Kéhler potential. This can be taken to be

Fide—Rf(A) = [

Moreover, the moment map p defined above is the moment map associated
to f. We need to show that for every A € Ac there exists g € G2 such that
g-A € p0) and that those are unique up to the action of G°. As in the
finite-dimensional case, the trick is to consider the “Kempf—Ness function”

F:Q8—>R, g— f(g-A).

Then, if g is a critical point of F' we have u(g- A) = 0 as expected. Now,
note that F is invariant under left multiplication by G°, so it descends to a
map F : C*(I,H)° — R, where H = G¢/G and C*(I,H)° is the set of C?
maps h : I — H such that h(0) = h(1) = G. Then, the uniqueness part
amounts to show that critical points of F are unique. Again, we show this
by showing that F has a unique global minimum by a convexity argument.

First, as in the Riemannian case, we can gauge A to zero, i.e. there is
g € Gc such that g+ A =0 and ¢(0) = 1. Indeed, this reduces to the linear
ODE g = gA. Thus, we can assume without loss of generality that A = 0,
but we have to enlarge the domain of F to Gc/G = C*(I,H) and now we
must show that for any a,b € G¢ there is a unique h € C?(I,H) which
minimizes F with the constraint that h(0) = Ga and h(c) = Gb. But the
map F can be expressed as

1 .
FiCLH) R F) = [ 1)
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where the norm is computed in the G-invariant metric on the symmetric space
‘H. In other words, minimums of the functional F are precisely geodesics on
‘H. But H is a simply-connected complete Riemannian manifold of sectional
curvature < 0 (for two orthogonal vectors x,y € g = T1(G¢/G) the sectional
curvature is given by K(z,y) = —1|[z, 9], see, e.g. [24]), so there is a
unique geodesic through any two points (a theorem of Cartan). (In fact, in
this case all geodesics are of the form t — G exp(itx)g for z € g and g € Ge).
This implies that for all A € Ac there is g € G2 such that pu(g- A) = 0 and,
moreover, that if ¢’ € G2 has the same property, then ¢ = gk for some
k € G°. Hence, we get a homeomorphism

1(0)/G0 — Ac/GY.

Now, using the holonomy map again, we have a biholomorphism A¢ /G2 = G¢
and the composition z~*(0)/G° — G is a biholomorphism which intertwines
the residual G/G° = G x G action on ~1(0)/G° with the action of G x G
on G¢ by left and right multiplications. This gives the bi-invariant Kahler
structure on G¢. It can also be checked directly from the infinite-dimensional
construction that the Riemannian metric is complete.

We can also identify the symplectic quotient x=1(0)/G% as T*G. Indeed,
we can always find ¢ € G which transforms Ay to 0, i.e. gAgg™' — gg~ ' =0
with ¢g(0) = 1. Then, since the moment map is G-equivariant, the new
element B = ¢ - A satisfies By =050 g+ A = (0, x) for some constant = € g.
Then, the map

pH0)/G° — G x g, A (g(1),41(0))

where g = gAg and ¢g(0) = 1 is a diffeomorphism. Moreover, by identifying
G x g =G x g" = T*G using right translations, this diffeomorphism is a
symplectomorphism with respect to the canonical symplectic form on T*G.
This morphism is also compatible with the natural G x G-action on T*G.
Recall that if M is any smooth manifold with an action of a Lie group
G, then this lifts to an action of G on T*M which preserves the canonical
symplectic form and has a canonical moment map (given by u(€)(x) = a(xf)
for ¢ € T*M and x € g where a € Q},(g) is the tautological 1-form). We
can use this general principle with the action of G x G on G by left and
right multiplication to get a canonical Hamiltonian G x G-action on T*G.
Then, the symplectomorphism p~1(0)/G° — T*G intertwines the residual
G/G° = G x G-action and this canonical G' x G-actions. Moreover, the
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moment map on T*G has a simple expression on = 1(0)/G°, namely, it is
given by
pH0)/G — g x g, A (A(0), —Ai(1)),

where we identify g* with g using the invariant inner-product.

By going through the definitions of the maps above, we can see that the
diffeomorphisms G x g — G is given by (k,z) — ke*. Hence, a corollary
of our discussion is a proof of the polar decomposition for complex reductive
groups.

Moreover, by general theory, the Kahler potential f : Ac — R descends
to a Kéhler potential on x~1(0)/G°. In terms of T*G = G X g, we can see
that this potential is given by

1
GXg—)R? (gvx)'—>§”$H2

Hence, the Kéahler structure on T*G = G¢ can be been obtained purely by
finite-dimensional methods, simply by using the polar decomposition G x g =
G and defining the potential f by this formula.

On the other hand, when we take the next step and quaternionise to
get the hyperkahler structure on 7*Gc, the Kahler potential will not admit
such a simple finite-dimensional formula, and hence this approach will give
genuinely new and non-trivial structures, which can only be seen by going to
the infinite-dimensional setting.

4.3 Hyperkahler structure on the cotangent bundle of
a complex reductive group from Nahm’s equations

Finally, we quaternionize, i.e. let Ay be the set of C' maps A = Ay +
Ayt 4+ Asj 4+ Ask - I — gy = g ®g H. We will view this as an infinite-
dimensional Banach hyperkihler manifold with an action of G°, and study
the hyperkahler quotient. The moment map equations will then be precisely
the Nahm equations and the hyperkahler quotient will be identified with
T*Ge.

4.3.1 The moduli space

We will restrict to the interval I = [0, 1] for simplicity of notation, but all
results are valid for a general interval [a,b]. We will discuss the effect of
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varying the interval in the next section. As before, we see Ay as a Banach
manifold with Riemannian metric

(X,Y) = / S0, Vil

But now we also have three complex structures induced by left multiplica-
tions by 7, j, k and hence Ay is a Banach hyperkédhler manifold. Again, this
structure is preserved by the gauge group G, which acts by

g+ (Ao, A1, Ay, Ag) = (gAog™ — 997", 9A1g™" g A9, gAsg ™).
Then, GY acts freely on Ay and we have a hyperkihler moment map

/:11 + [Ao, A1] + [A2, A3
o AH — OO(I7g>37 Ar— AQ + [AOa AQ] + [A?n Al] . (41>
Az + [Ag, As] + [A1, A9

The proof is similar to the one of the preceding section. Moreover, the same
ideas using slices show Kronheimer’s theorem:

Theorem 4.2 (Kronheimer [38]). The quotient
M= p=(0)/G°

is a finite-dimensional smooth manifold with a complete hyperkdahler structure
invariant under the G x G-action.

Proof. (Sketch) To show that p~'(0) is a smooth Banach submanifold of
Ap we use the inverse function theorem, i.e. it suffices to show that for all
A € Ag, the derivative duy : Ag — C°(I,g)? is surjective. In other words,
we must show that for all x € C%(I,g)? and A € Ay, we can solve the
equation

X + [Xo, A1] + [Ao, X1] + [Xo, As] + [A2, X5] = 24
XQ + [X(], Ag] + [Ao, XQ] + [)(37 Al] + [Ag, Xl] = T3
X3+ [Xo, As] + [Ao, Xs] + [X1, As] + [Ar, Xa] = 2

for X € Ag. As before, this is a first order linear inhomogenous equation, so
we can always find a solution.
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Now, to show that the quotient p=1(0)/G is smooth we must find slices
for the G%-action. For that, we can use the L?-inner-product. At each A €
p~1(0), the orthogonal complement to the G%-orbit through A is the set of
X € Ay such that

Xo + [Ao, Xo] + [A1, Xi] + [A2, Xo] + [X5,X5] =0 (4.2)
Xy + [Ao, X1 + [Xo, A1] + [Ag, X3] + [X2, A3] =0 (4.3)
Xo + [Ao, Xo] + [Xo, Ao] + [A3, X1] + [X3, A1) =0 (4.4)
X + [Ao, X3] + [Xo, As] + [A1, Xo] + [ X7, As] = 0. (4.5)

The first equation is the condition that X is orthogonal to the G°-orbit and
the last three equations are the condition that X is tangent to x~'(0). This
is a linear ODE whose space of solutions has dimension 4 dim g. Moreover,
in a neighbourhood of A, each G%-orbit meets this slice exactly once, so M is
a smooth manifold and inherits a hyperkahler structure by the hyperkahler
quotient construction.

To see completeness of the metric, let x, € M be a Cauchy sequence.
Then, we can show that v~!(0) — M has the horizontal lift property and
this implies that there is a sequence of representatives A, € v~1(0) that are
bounded in A. In particular, they have bounded L? norm. Then, there exists
unique g, € G such that g, - A, = (0,*). But then ||g, - A,|l2 = ||Ax]2, so
without loss of generality we have representatives of the form A,, = (0, ) with
bounded L2-norm. But A, are then infinitely differentiable and the Nahm’s
equations imply that all derivatives have bounded L? norm so A,, — A where
A is smooth (by the Arzela—Ascoli theorem) and satisfies Nahm’s equations.
Moreover, since Riemannian submersions shorten distances, x,, converges to

x=m(A) in M. O

4.3.2 Varying the interval

Denote by M|,y the moduli space of solutions to Nahm’s equations on the
compact interval I = [a,b]. Then all results of the preceding section remain
true, showing that M|,y is a finite-dimensional hyperkahler manifold.

For all ¢ € R, the translation map [a,b] — [a + ¢,b + ¢] induces an
isomorphism M, — Me4cp+q of hyperkihler manifolds, so M, depends
only on the length of the interval. Hence, without loss of generality, we
can restrict to the intervals of the form [0,a] for @ > 0 and denote the
corresponding moduli space by M,.
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Now, for a,b > 0 there is a scaling map M, — M, obtained by sending
a solution A : [0,a] — gm in M, to the solution B : [0,b] — gu in M,
defined by B(t) = $A($t). This map is holomorphic with respect to all three
complex structures, but scales the metric by a constant factor:

Proposition 4.3. For all a,b > 0, the scaling map M, — My is conformal
with conformal factor a/b, i.e. if g, and g, are the Riemannian metrics on
M, and My respectively, then the pullback of gy s §ga-

4.3.3 Complex-symplectic description

We now identify the complex structure:

Theorem 4.4 (Kronheimer [38]). There is a G x G-equivariant diffeomor-
phism
M — T*GC,

which is also an isomorphism of complex-symplectic manifolds with respect
o (I,ws +iwg) on M and the canonical complex-symplectic structure on
T Gc.

This uses an infinite-dimensional version of the equivalence between hy-
perkahler quotients and complex-symplectic quotients as stated in Theorem
3.6. We now explain the proof of this thereom. Let

Oé:A0+iA1, ﬂ:A2+iA3,

viewed as maps I — ge. In other words, we identify Ay with A%, where
the latter is viewed as an infinite-dimensional complex-symplectic manifold.
Using the decomposition gc = g @ ig, we have a conjugation operation gc —
gc : « +— T such that x = x if and only if z € g. But it is more customary
to use the “conjugate transpose” operation gc — gc : ¢ — x* defined by
x* = —z. If we have an embedding G C U(n) (which always exists) then z*
is the usual conjugate transpose. Then, splitting the hyperkdhler moment
map (4.1) into a complex part puc = py +ipx : A% — C°(I,gc) and a real
part uy : Ag — C°(I,g), we see that Nahm’s equations are equivalent to

[O‘aﬁ]:
d+d*+[a,a] 18, 5]
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The first of these is called the complex Nahm equation and the second is called
the real Nahm equation. As expected from the finite-dimensional picture,
the complex part uc is a complex-moment with respect to the action of the
complexified group Ge. Explicitly, Ge acts on AZ by

g- (aaﬁ) = (Adga - gg_laAdgﬁ)‘

Hence, the complex Nahm equation is preserved by G¢ and, as for the
finite-dimensional case, we wish to show that p=1(0)/G° is biholomorphic
to pe'(0)/G2. In other words, we want the following result of Donaldson:

Theorem 4.5 (Donaldson [16]). For every solution (o, 3) to the complex
Nahm equation, there exists g € G2 such that g - («, B) solves the real Nahm
equation. Moreover, g is unique up to left multiplication by G°.

This theorem implies that the map M — N, where

N = i (0)/GY
= {(0,8) € A : i + [o, 8] = 0}/G2

is an isomorphism of complex-symplectic manifolds. The proof of Donald-
son’s theorem is very neat and will be given below. But assuming it for the
time being, we can prove Theorem 4.4 quite easily.

As before, the Ge-freedom allows us to gauge « to zero, i.e. there exists
a unique g € G¢ such that g - (o, 8) = (0,/3) and ¢(0) = 1, as this is
equivalent to the linear ODE g = ga. Now, since the complex Nahm equation
is preserved by the Gc-action, the new solution (0, B) satisfies # = 0 and
hence g - (o, B) = (0, ) for some constant x € gc. Thus, up to the action
of G2, the solution («, 3) is determined by = and g(1). Hence, we have a
biholomorphism

Ge xgc— N, (a,2) — g,-(0,2),
where g, is any smooth map I — G¢ with g(1) = a~!. The inverse map is

(o, B) — (9(1), B(a))

where g = ga and ¢(0) = 1. Now, using right translations and the invariant
inner-product, we have that

G(C xg@%G@ Xg(*CgT*G@.
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Moreover, at a point (a,z) € G¢ X gc and using T, ) (Ge X gc) = g X gc
the canonical holomorphic-symplectic form on T*G¢ can be expressed as

Wiae) (U1, v1), (U2, v9)) = (U1, va) — (uz,v1) — (2, [u1, ual),

where (-,-) : gc X gc — C is the non-degenerate invariant bilinear form
associated to our choice of invariant inner-product on g.

Proposition 4.6. The map G¢ x gc — N is an isomorphism of complez-
symplectic manifolds.

Proof. We can find local lifts U C G¢ x gc — pg ' (0) whose composition with
the projection to N is the isomorphism in question. To simplify the notation,
we suppose there is a lift $ : G¢ X ge — pg'(0). Let 7 : ug'(0) — N be
the quotient map, i : uz'(0) — Ay the inclusion, and ¢ : G¢ x gc — N the
bijection. We have ¢ = mp. Let w be the symplectic form on Ay and 7 the
one on G¢ X ge. Then it suffices to show that p*i*w = 7 since the symplectic
form @ on N satisfies 7*@ = i*w and hence g*i*w = P*1*w = p*w.

Now, let (a,z) € G¢ X gc and choose tangent vectors (uy, vy), (uz, v2) €
Tiaz)(Ge X gc). Since we use right translation, u; can be identified with a
tangent vector of G¢c at a via %|t:06ma. Then,

d

= szogp(es“a, x + sv)

ng(a7$) (u7 U)
and we can take gesu,(t) = gq(t)e ", Hence,
dp(ax) (1, v) = (Adg, u, Adg, (t[z, u] + v)).

Now, we have
(X1, Y1), (Xo, Ya)) = /O (X1, Y2) — (Vi Xa)
(" w) (w1, 01), (2, 02)) = / (tn, £, s) + 2) — (e, 1] + v0)

= (u1,v2) — (ug,v1) — (T, [u1, us))

as claimed. 0
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We now explain the proof of Donaldson’s theorem. As in the finite-
dimensional case, we need a Kahler potential for the first complex structure
on Ag. Here, we take

Fidg= A2 SR fa / lo+ o |P+ 21815 (46)

or equivalently

1
! / A2 + | AslP + [1As]>

flA) =+

It is a global Kihler potential with the property that p;(A)(z) = df (Iz%)
for x € Lie(G"). Hence, we argue as in the finite-dimensional case, i.e. we fix
a solution («, f) to the complex Nahm equation and consider the functional

F:Ge— R, F(g9)=f(g-(a,5)).

Hence F' is a “Kempf-Ness function”, i.e. a critical point g of F' has the
property that g - («, 3) satisfies the real Nahm equation. Moreover, if k € G°
then F(kg) = F(g) so we can view F as a function on C*(I,H)°, i.e. the
set of C% maps h : I — H = G¢/G with fixed points h(0) = k(1) = 0. As
before, we can gauge « to zero using Ge, i.e. there exists g € G¢ such that
g (a,p) = (0,2) for some x € g. Then, we can assume that (a, 8) = (0, z),
but must find a minimum A with boundary points instead given by h(0) =
Gg(0)~! and h(c) = Gg(1)~'. Then, the problem reduces to showing that
for all boundary points hg, h; € H the functional

F:CYI,H) — R, F(h)=f(h-(0,2))

has a unique minimum with h(0) = hy and h(1) = h;. This functional takes
the form

b= [l + Vil
where V, (k) = ||hzh™'|> > 0. This is a problem in the calculus of variations.

A minimum of F can be thought of as a particle moving under the potential
—V, in the Riemannian manifold H. Moreover, the function V, : H — R is
geodesically convex and H = g is simply connected and of negative curvature.
Then, it follows from the direct method in the calculus of variations that F
for any points hg, hy € H, there is a unique path from hy to h; minimizing
F. This is, in essence, the proof of Donaldson’s theorem.
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4.3.4 Tri-Hamiltonian action

Now, the larger group G still acts on Ay by preserving the hyperkahler
structure and solutions to Nahm’s equations. Thus, there is a residual action
of G/G° = G x G on M preserving the hyperkahler structure. Going through
the definitions of the isomorphisms with G¢ X gc and T*Ge it is easy to verify
the following description.

Proposition 4.7. Under the diffeomorphism M — G¢ X gc, the action of
G x G 1s given by
(g,h) - (a,z) = (gah™", Ad, ).

Under the isomorphism G¢ X gc = T*Gc, this corresponds to the lift of the
action of G x G on G¢ by (g,h) - a = gah™'.

As explained earlier, if a Lie group G acts on a smooth manifold M, the
lift of this action to T*M has a canonical moment. Thus, by the previous
result, we have a moment map for G x GG action on M with respect to the
first Kéahler structure, and by symmetry, there must be a hyperkéhler moment
map on M. As in the preceding section, this map has a simple expression by
evaluation solutions to Nahm'’s equations at the boundary points. That is,
by identifying g* with g using the invariant inner-product and we can view
(gxg)*®@ImH = (g x g)® as the space of 2 x 3 matrices with coordinates in
g, and the hyperkdhler moment map

p:M— (gxg)@ImH

is given by

A1(0)  Ay(0)  As(0)
p(A) = (—A1(1) —Ay(1) —A3(1)> '

We now prove this formula, following [12]. We will only prove that A —
—A;(b) is a moment map with respect to w; for the right action of G on M.
The rest follows by similar arguments. Take x € g and A € M. Then, a
lift X to Apg of the vector :Bj € TyM can be computed by noting that the
gauge transformation ¢t — e** acts via e!* on M, so

d

dsls=0

¥ e A = ([ta, Ag) — =z, [ta, Ay, [tz, As), [tz, As]).
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Now, let y € TaM and take any horizontal lift Y to y. Then, w;(xf,y) =
(IX,Y). Note that IX is not necessarily horizontal, but any vertical com-
ponent will be killed by Y anyway. Hence,

wf(xjvy) = /0 _<[tva1]7Y0> + <[t$vA0] - anl) - <[tx>A3]7Y?> + <[tva2]>Y3>
= /1<tl’= [Yo, A1) + [Ao, Yi] 4 [Ya, As] + [Ag, Ya]) — (2, Y7)

Now, using (4.3), we get

wiat,y) = / (Y1) — (2. Y2)

and by integration by part this is —(x, Y1(1)). But letting pu(A4) = —A;(1)
we have (u,z) = —(x, A1(1)) so (d{u,z))a(y) = —(x, Y1(1)). This concludes
the proof of the moment map formula for the action of G x G on M.

Now, the complex part of the moment map puc = py+ipg : M — gc X ge
is holomorphic with respect to I. Hence, it can be viewed as a holomorphic
map pc : Ge X gc — gc X ge and it turns out it has a simple algebraic
expression, namely,

pcla,x) = (x, — Ady-—1 x). (4.7)

This follows easily from the definition of the isomorphism M — G¢ X gc.
As expected, this is the canonical complex moment map for the action of
G(C X G(C on T*G(C

4.3.5 Hyperkahler quotients

By the preceding section for any closed subgroup H of G X G, we can consider
the hyperkédhler quotient of M by H. Moreover, we have a global Kéahler
potential f descending from (4.6). It can be shown that this potential is
proper [43]. Hence, if the H-action is free, Theorem 3.6 applies to show that it
is isomorphic to the complex-symplectic quotient of T*G¢ by He C G X Ge.
For example, for any closed subgroup H C G, we get a hyperkahler structures
on T*(Gc/Hc) by viewing H as a subgroup of the left factor of G x G.
This works more generally for non-free actions, where M )/ H is homeo-
morphic to the affine GIT quotient vz'(0)// Hc = Spec Clyz'(0)]5¢, where
ve @ T*Ge — b§ is given by composing (4.7) with the restriction map
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gt X g¢ — bi. We can also shift the first moment map p; by the differ-
ential of a character y : H — S! to realize M ////k o H as a quasi-projective
complex algebraic variety, namely, Proj @.-, Clvg ' (0)]7¢X" | and this can be

used to construct explicit resolution of singularities of M /) H [44].

4.3.6 Concatenation

As in §4.3.2, let M, be the moduli space of solutions to Nahm’s equations
on [0,a]. Let a,b > 0. Then, we can consider the action of G on M, by
right translations and on M, by left translations. This gives a free action
of G on M, x M, and hence we can consider the hyperkahler quotient
(Mo X M,))JG. Note that since the hyperkiahler moment maps are evaluation
of a solution to Nahm'’s equations at the boundary points, the zero-level set
of the hyperkdhler moment map is the set of (A, B) € M, x M, such that
A;(a) = B;(0) fori = 1,2, 3. Thus, by thinking of elements of M, as solutions
on [0, a] and elements of M,, as solutions of [a, a+b], there is a concatenation
map which gives a well-defined smooth map

(Mo x My) )] G — M.

This map is in fact an isomorphism of hyperkahler manifolds.

4.3.7 The reduced Nahm equations

In our discussion of the “baby Nahm equation”, we had two descriptions
of ©=1(0)/G° the complex version Ac/G2 = Gc¢ and the symplectic ver-
sion 1~1(0)/G° = T*G. So far, we have only described the complex version
of Nahm’s equations, but there is also an analogue of the diffeomorphism
= 1(0)/G° = T*G, due to Dancer-Swann [12]. This gives us another finite-
dimensional representation of M, but this one does not depend on a choice
of complex structure.

As for the Kéhler quotient, we can always gauge Ap to 0, i.e. for each
solution A € Ay to Nahm’s equations there is a unique ¢ € G° such that
g(0)=1and g- A= (0, Py, P, P5) for some P, € A. Indeed, g is the unique
solution to the linear ODE ¢§ = gAq with ¢g(0) = 1. Then, the P,’s satisfy the

36



so-called reduced Nahm equations
Py + [P, P
PZ + [P37 Pl]
P+ [Py, Py

0
0
0.

Note that now the number of unknowns is equal to the number of equations,
so solutions are uniquely determined by their initial conditions. Moreover,
P;(0) = A;(0) since g(0) = 1, so, by the smooth dependence of solutions to
linear ODEs on the initial conditions, we have:

Proposition 4.8. Define
© - M — G x 937 Ar— (9(1)7A1<0),A2(0),A3(0))

where g is the unique solution solution to § = gA with g(0) = 1. Then, ¢ is a
diffeomorphism onto G x W for some open set W C g® which is star-shaped
about (0,0,0). Moreover, this diffeomorphism intertwines the action of G X G
on M with the action on G x W given by (g,h) - (a,z) = (gah™, Ad, x).

We can also describe the Kahler potential on this finite-dimensional man-
ifold, namely,

1 ! X X X
FiGxW R flaw) =7 [ AP+ 1B+ PR

where P? is the unique solution to the reduced Nahm equation with P*(0) =
x.

4.3.8 Hyperkahler rotation

There is an additional phenomenon on M which has no analogue on GG and
T*G = G¢, namely an additional SO(3)-symmetry, called a hyperkdhler ro-
tation (see §3.6).

The easiest way to describe this is to view Ay as a bi-H-module by left
and right multiplications and consider for ¢ € Sp(1) C H* the map

Ay — Ay, Ar— q- A:=qAq .

In other words, viewing Ag = A ®g H this is the unique linear extension of
the map A®Qp— A®qpg~' for A€ Aand p € H. We have (—¢q)-A=gq- A,
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so this descends to an action of SO(3). Explicitly, an element of SO(3) acts
on A = (Ag, A1, As, A3) by fixing Ay and rotating A, Ay, As.

Then, for each ¢ € Sp(1), the map A — ¢ - A is an isometry, and rotates
the complex structures, in the sense that if I is any element of the two-sphere
of complex structures, then ¢ : Ag — Ay holomorphic with respect to I on
the left and ¢Ig~! on the right.

The remarkable fact is that Nahm’s are invariant under this action, which
follows from the fact that the hyperkihler moment map p : Ag — C°(I,g)®
Im H is equivariant with respect to the action of Sp(1) on Ay and on Im H.
Moreover, the action of SO(3) on Ay commutes with the action of G, so this
descends to an action of SO(3) on M commuting with the action of G x G.

Hence, for any choice of frames of complex structures I’, J', K/, the hy-
perkdhler manifold (M, g, I’, J', K') is isomorphic as a complex-symplectic
manifold to T*Gec.

4.3.9 Functorial property

Let M be any hyperkahler manifold with a tri-Hamiltonian action of G with
moment map g : M — g*® ImH. Then, there is canonical operation we can
do on M, which is to consider the diagonal action of G on M xT*G¢, where GG
acts on T*G¢ by left translations, and take the hyperkahler quotient. This
action is free, so (M x T*Gc)/J/ G is always another smooth hyperkahler
manifold. What is it?

Proposition 4.9. The hyperkdhler manifold (M xT*Gc)/J|G is isomorphic as
a complex-symplectic manifold to an open subset U of M (but the hyperkdhler
structure might differ). If M has a G-invariant Kdhler potential f for w;
which s bounded below on Gc-orbits, and py is the moment map associated

to f, then U = M.
To prove this, we first prove the complex-symplectic version.

Proposition 4.10. Let (M, I,w,Gc, i) be a complez-Hamiltonian manifold.
Then, the complex-symplectic quotient of M X T*Gc by Gc s a complex-
symplectic manifold and is isomorphic to M.

Proof. The action of G¢ on T*G¢ is free and proper, and hence so is the
action on M x T*G¢. Thus, the holomorphic version of the Marsden—
Weinstein reduction theorem applies and the reduction of M x T*G¢ by

38



G is a smooth complex-symplectic manifold. Now, the moment map is
v:(p,(a,x)) — pu(p) + x, so the quotient is

v 1(0)/Ge = {(p, (a,x)) € M x G¢ x gc : @ = —u(p)}/ G,

where G¢ acts by ¢ - (p, (a,z)) = (g9 - p,(g9a,Ad,z)). Now, the inclusion
j: M = v70) : p— (p,(1,—u(p))) descends to a biholomorphism ¢ :
M — v=(0)/Ge. Moreover, if i denotes the complex-symplectic form on
T*Gc and ¢ the one on v~1(0)/G¢ we need to show that ¢*¢ = w. The form ¢
is uniquely characterized by 7*¢ = i*(w + ), where 7 : v=1(0) — v~1(0)/G¢
and i : v1(0) — M x T*G¢. Now, j*i*(w +1n) = w, so j*7*( = w, but
j*m* = ¢*. To show that j*i*(w 4+ 1) = w, consider the composition k :
M — M xT*Gc : p — (p,(1,—u(p))). Then, for u,v € T,M we have
k() = (1, (0, —dpy (1)) 0

(k* (w + 77))(% U) = w(u, U) + U((Oa —d,LLp(U)), <07 —d,LLp(U))) = w(u, U)
since the fibres of T*G¢ are Lagrangian. O

Proof of Proposition 4.10. By the the preceding result and Theorem 3.6, it
suffices to show that M x T*G¢ has a G-invariant Kahler potential which is
proper on Ge-orbits. This follows from the fact that the sum of a proper and
bounded below function and one which is bounded below, is proper. O

There is a categorical interpretation of the result of this section [46].
Take a category whose objects are complex reductive groups and such that
a morphism from G¢ to H¢ is an isomorphism class of complex-symplectic
manifolds with a complex-Hamiltonian action of G¢ x H¢. The composition
between M : G¢ — Hc¢ and N : He — K¢ is the symplectic reduction
(M x N)J/Hc. Then, we have found the identity morphism in that category:
T*G¢c. Note, however, that we cannot enhance this to a category whose
morphisms are hyperkéhler manifolds since M = T*G¢ would not be an
identity since the hyperkahler structures are changed. For example, we saw

that (Mg x My) /) G = M.
4.3.10 Twistor space

We can give an explicit description of the twistor space Z s of M. Since there
is a hyperkahler rotation, we know that the fibres of Z will all be copies of
T*Ge, so the twistor space will be obtained by two copies of T*G¢ x C glued

39



in a certain way. This was computed by Kronheimer in [38], but the proof
we will give is inspired from Biquard [8].
For a solution to Nahm’s equations A and ¢ € CP* — {oo}, set

a(A, Q) = (Ao +idy) — ((Az —id3)
B(A, Q) = (A2 +idz) — 2iCA; + (*(As — i43).

View Ay x C is an open subset of the twistor space of Ay. Then, the map
Ag x C— A2 x C, (A,¢) — ((4,¢), B(4,¢),¢)

is a trivialization, in the sense that for each fixed ( it is complex-symplecto-
morphism from Ay with the complex-symplectic structure (I, (we + iws) —
2iCw; + (*(wg — iw3)) to AL with the standard complex-symplectic struc-
ture (viewing A% = T*Ac)). Moreover, this isomorphism intertwines the
action of G° on Ay with the standard action on A%. Hence, it descends
to a trivialization of M x C C Z,, to the complex-symplectic quotient
{(a, B) : B+ [a,8] = 0}/G2. As above, we can identify the latter with
Gc X gc, so we have a biholomorphism

7T71(U) CZy — Ge xge x C,

where m 1 Zy — CP' and U = CP' — {oo}. Similarly, by setting for
¢ € CP' - {0}

a(A, Q) = (Ao — iA1) + {(Az + iA3)
B(A, Q) = C(Ag +iAs) — 2iC Ay + (Ay — iA3)

we get a biholomorphism

(V) C Zy — Ge x g x C.
Then, we want to compute the transition function

Ge X gc X C* — G¢ x gc x C*.
To do this, observe the relation

a(A,¢7) = a(A, Q) +B(A, Q)
BA,CTh) = (2B(A,¢).
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Let (a,2,() € Ge x gc x C* and (a,#,() € Ge X gc x C* be related by
this transition function. We have (a, ) = g - (0,x) where g(0) = 1 and
g(1) = a™'. Similarly, (&, 8) = - (0,%). Then, the relations above reduce to

G5 = g + ¢ Adya

Ad; 7 = (?Ad, 2.
Upon inspection, we find that if §7'g = e for some function \ then the
first equation holds with # = 2/¢2. This means § = ge=** and since §(0) = 1

it suggests trying A\ = tc for some constant ¢, i.e. § = ge '*. Plugging this
ansatz in the first equation we get

—g9 "+ gexg Tt = —gg 4+ (lgrg

and hence ¢ = 1/( solves it. Thus, @ = §(1)~! = (g(1)e=*/¢)~! = (a"te=*/¢)!
e®/Ca and we find that

(@,2,¢) = (e"%a,2/¢*, 1/Q).

Theorem 4.11. The twistor space is obtained from two copies of Ge X g X C
with their standard complex-symplectic structures and glued by (a,x,() ~

(d,:%,f) if and only if (a,%,¢) = (e*/Sa, x/C2, 1/¢). Moreover, over the patch
¢ # oo, the real structure for ¢ # 0 is given by

GXQXC* —>GXQXC*a (a,a;,(’)'—>(ef/5d,97:/§2,—1/§),

and the elements (a,x,0) are sent to (a,x,0) in the other patch.

5 Nahm’s equations with poles

We now discuss solutions to Nahm’s equations on an open interval (a, b) with
first-order poles of fixed residues at t = a, b, following Bielawski [4].

5.1 Boundary conditions

As before, we first consider the case I = (0,1) to simplify the notation. In
this section, we discuss the possible boundary conditions for a solution A to
Nahm’s equations on (0, 1). We suppose that A is smooth at ¢ = 0, but that
Ay, Ay, A3 have simple poles, i.e.

A==+ B,
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near t = 0 for some o;, where 0y = 0. Then, Nahm’s equations are

o : o 1 JO o T
3+ Bi+ By, =t + Bi| + |22+ Ba, =2+ By| =0
t L t ] L ¢ t ]
o : o 1 T0 o T
——22+BQ+ Bo,—2+BQ + —3+Bg,—l+B1 =0
t L t ] L ¢ t ]
o : o 1 JO0 o T
_t_23+B3+ BoafﬂLB:J, + ?1+B1,72+B2 =0

Collecting the terms in 1/t?, we get

01 = [02703]
02 = [03701]

O3 = [0'1,0'2].

This defines an su(2)-subalgebra in g. Indeed, the above relations are pre-
cisely the ones satisfied by the matrices

o= (8 ) (e ) e )

in su(2), so this gives a Lie algebra embedding
p:su(2) — g.

Thus, boundary conditions for Nahm’s equations are classified by su(2)-
subalgebras. Equivalently, p complexifies to an embedding sl(2,C) — gc
and every such complex embedding comes from a real one su(2) — g. So we
also use the notation p for the complex version

p:sl(2,C) — gc.

Equivalently, this is an s[(2, C)-triple, i.e. a triple of elements (e, h, f) in gc
such that

[hae]:2€7 [h7f]:_2fa [eaf]:h'

We can go from an s[(2,C)-triple to an su(2)-triple and conversely by the
relation
e =—09+103, h=—-2i01, f=09+1i03.

In particular, when G = U(n), pole conditions are classified by faithful rep-
resentations of s[(2, C) on C™ and hence there are finitely many possibilities.
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More generally, the s[(2, C)-triple up to conjugations are in one-to-one corre-
spondences with the set of nilpotent orbits in gc and there are only finitely
many of them.

Thus, when choosing boundary conditions for Nahm’s equations we have
finitely many choices. There is a canonical choice, which is the sly-triple
corresponding to the largest nilpotent orbit, or in other words, any sl, triple
(e, h, f) such that e is regular (and hence h and f are also regular). This is
called a principal sly-triple.

Fix two sly-triple pg = (eo, ho, fo) and p; = (e1, hq, f1) in gc or equiva-
lently su(2)-triples og, o1 in g. Let Am(po, p1) be the set of smooth maps
(0,1) - g ® H which near ¢t = 0 are of the form A(t) = oy/t + B(t) where
B has an expansion in non-negative powers of t'/2, and similarly at t = 1.
The fractional powers are needed because if g = h ® P, .4 9o is a Cartan
decomposition with hg € b, then for all x, € g,, the maps

(a(t). B(2)) = (—@ by ta“”/%a)

2t7 t
acd

are solutions to the complex Nahm equation with the appropriate pole con-
dition at ¢t = 0, and we would like to include them even when some «(h) are
not even (they are always integers). On the other hand, if p is principal, no
fractional power is needed, since a(h) = 2level(«) for all a € ®.

Since the poles are fixed at both endpoints, the L?-metric is well-defined,
endowing Ag(po, p1) with the structure of an infinite-dimensional hyperkahler
manifold. As before, we will view Nahm’s equations as a hyperkahler moment
map condition and take the hyperkahler quotient.

5.2 The moduli space

Define the centralizer G, = {g € G : Ad, 0; = 0;}. For example, G, = Z if
p is principal, and G, = G if p is trivial. Moreover, (G,)c = (Gc¢), = {g €
G :Adge =e,Adgh = h,Ad, f = f}. Let G be the group of smooth maps
g :[0,1] = G which are analytic near ¢t = 0,1, g(0) € G,,, and g(1) € G,,,.

Let G° be the subgroup of g € G such that g(0) = g(1) = 1. Then, as
before, the map

z‘:h + [Ao, A1] + [A2, A3]
w o Aulpo, pr1) — 00(179)37 Ar— AQ + [Ao, Ao] + [A3, Ai]
Az + [Ag, As] + [Aq, A
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can be viewed as a hyperkihler moment map for the action of G° on Ag(po, p1),
and the quotient

M(po, pr) = 1= (0)/G°

is a finite-dimensional smooth manifold with a complete hyperkahler struc-
ture. Moreover, there is a residual action of G/G° = G, x G,, on M(po, p1)
which preserves the hyperkahler structure. We recover the results of the
preceding section by setting po = p1 = 0, i.e M(0,0) = M = T*G¢.

More generally, we may consider the moduli spaces M,(po, p1) where
a > 0 is the length of the interval I on which Nahm’s equations are defined.
Then, by an argument similar to the one in §4.3.6, we have:

Proposition 5.1. For all a,b > 0 there is an isomorphism of hyperkahler
manifolds

(Ma(po, 0) x My(0, 1)) ) G — Mass(po, p1),

where G acts on My(po,0) as the right factor of G,, x G and on M,(0, p1)
as the left factor of G x G, .

Moreover, there is an isomorphism of hyperkdhler manifolds My(0, p1) =
My(p1,0) obtained by sending a solution A to Nahm’s equation on (0,b) to
the solution t — —A(1 —t) in My(p1,0).

Hence, it suffices to describe
M, = M(p,0).

The first thing to observe is that M, has a holomorphic description as before,
namely, it is the quotient of solutions of B+ [, 8] = 0 by G2. This is proved
by first using the Donaldson’s Theorem 4.5 on [e, 1] for € > 0 to find g. such
that g.(¢) = ¢g(1) = 1 and g¢. - (o, B) satisfies the real Nahm equation on [e, 1]
and carefully letting ¢ — 0.

5.3 Complex-symplectic description

We first collect a few Lie algebraic facts. For an sly-triple p = (e, h, f), we
define the Slodowy slice
S, = f+ Zy.(e),

which is an affine subspace of g¢ of dimension dim Z;.(e) > rk gc. The case
where dimS, = rkge corresponds to the case where p is principal. The
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Slodowy slice has the property of intersecting all adjoint orbit transversely,
which is equivalent to the linear-algebraic fact that for all z € S, we have

gc = [gc, 2] + Zyc(e).

This can be proved by decomposing g¢ into irreducible representations of
sl(2,C) = span{e, h, f}.

Theorem 5.2 (Bielawski). For all p, Gec X S, is a complex-symplectic sub-
manifold of Gec X gc = T*Ge and there is an isomorphism of complex-
symplectic manifolds M, = G¢ X S,.

We now give an idea of the proof. First, there exists g € G2 such that
g-(a, B) = (¢, ') has the property that o/ = “’71 = —% near t = 0. Now, de-
compose g = ), ., 9r, where g, are the weight spaces for the representation
s[(2,C) — End(gc). Then, near ¢t = 0, the complex Nahm equation implies
that g’ = % + > ez tM2z, for some x, € gy, and since B’ has a simple pole
with residues f/t, we have x) = 0 for A < 0. Moreover, we can further gauge
by some ¢ to kill all x) except the highest weight ones, i.e. those x) such
that [e,z,] = 0. Let x1,..., 2, € gc be a basis of highest weights vectors of
weights Ay, ..., \;. Note that span{xy,...,z;} = Z;.(e). Hence, there exists
e>0and g:[0,e) = Gg¢ such that

h k
g (o, B) = <_§7 % + Zt/\i/%z) -
i=1

Define

log(t
D(t) = exp ( ng( )h> £ (0,1] — Ge.
Then, —DD~! = —% and Adp) oy = tY%z, if 7y € g, s0

near t = 0. Hence, every (o, 3) € M, has a representative such that (a, 5) =
D - (0,z) near t = 0 for a unique x € S,. Hence, D™' - (a, 8) is a smooth
solution on [0, 1] and hence there exists a unique g € G¢ such that g(0) =1
and gD™' - (a,8) = (0,z). Then, we have an isomorphism of complex-
symplecitc manifolds

GxS,— M, (a,z)— Dg,-(0,z),
where ¢,(0) =1 and g,(1) = a™".
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5.4 Tri-Hamiltonian action

From its construction, M(pg, p1) has a residual action of G/G° = G,, x G,,
which preserves the hyperkahler structure. To describe the moment map, let

7TO:g—}gpov ﬂ-l:g—>gp1

be the orthogonal projections. Note that if A € Ag(pg, p1) then m(A) is
smooth near ¢ = 0 and m1(A) is smooth near ¢ = 1. This follows from the
fact that if p = (01,02,03) is an su(2)-triple, then o; € g, for all 4 since
gp={reg:([r,0/ =0,i=1,2,3} and hence for all z € g, we have

<01’x> = <[02’U3]7x> = <02a [03’37]) =0

and similarly for o5 and o3. Hence, we can define

JU M(po,pl) — (gpo X 991)3

by
~( m(A1(0))  mo(A2(0))  mo(As(0))
u(A) = (—mml(l)) i (As(1) —m<A3<1>>>

The same proof as in §4.3.4 shows that this is a hyperkahler moment map
for the action of G, x G,, on M(po, p1).

5.5 Twistor space

An analysis similar to the one carried in §4.3.10 for T*G¢ shows that the
twistor space of M, can be identified as follows.

Theorem 5.3. The twistor space of M, is biholomorphic to two copies of
G xS, x C glued via (a,z,() ~ (a,z,C) if and only if

I
Il

C_l
C_Q Adgfh T
C_

hex/Ca’

™
I

where (7" == exp(—1log(¢)h) (which is well-defined for ¢ € C*).
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5.6 Hyperkahler slices

Let M be a hyperkahler manifold and G a compact Lie group acting on M
by preserving the hyperkahler structure and with hyperkahler moment map
wiM—g"®ImH.

Then, for any su(2)-triple p, we have an action of G on M, and hence
we can consider the hyperkahler quotient

(M x M,) G,

which is a smooth hyperkéahler manifold. This generalizes the discussion in
§4.3.9, where we have shown that (M x M,)//G = M when p = 0. More
generally, we have:

Theorem 5.4 (Bielawski [4]). Let (M, g,1,J, K) be a hyperkihler manifold
and G a compact Lie group acting on M by preserving the hyperkahler struc-
ture and with hyperkahler moment map - M — g* @ ImH and suppose that
the action extends to an I-holomorphic action of G¢. Let pue = py + ipx -
M — gc = gi. Then, us'(S,) is a complez-symplectic submanifold of M
and the hyperkdhler manifold (M x M,) /)] G is isomorphic as a complex-
symplectic manifold to an open subset U of ,u(El(Sp). Moreover, if there is
a global Kdihler potential for (M, g, I) which is bounded below on Gc-orbits,
then U = uz'(S,).

5.7 Poles at both endpoints

Coming back to the original moduli space M(po, p1) with poles at both end-
points, we can use Bielawski’s theorem on

M(po; p1) = (Mpy x M,,)) [} G

to get that M (pg, p1) can be described as a complex-symplectic submanifold
of G¢ x §,,, namely,

M(po, p1) ={(a,z) € Gc xS,y : —Ady-12 €S, }.

Since G¢ X S, is a complex-symplectic submanifold of T*Gc¢, so is M(po, p1).

Indeed, we apply Theorem 5.4 with p = p; and M = M, and note that,
by (4.7), the complex moment map pc : M = Ge X S,, = gc is given by
(a,x) = — Ad,-1 .
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5.8 Hyperkahler rotation

There is also a hyperkdhler rotation on the spaces M(po, p1). To describe
it, let o : Sp(1) — G be the Lie group homomorphism whose derivative is
po : su(2) — g and similarly for ¢ : Sp(1) — G. For ¢ € Sp(1) and A €
Aw(po, p1), take any element g € G such that g(0) = ¢o(q) and g(1) = ¢1(q).
Then, consider

qlg-A)g ',

where ¢ and ¢! act using the natural H-bi-module structure of C°(7, g) @ H.
Using the identity

qiq @ qiqg + i @ @i gk @ gk =i®i+ @i+ E®k
in H®g H, we see that q(g-A)g~! has the same poles at the boundary points
as A. Hence, we get another element of Ag(po, p1) and this descends to a

well-defined action of Sp(1) on M (pg, p1), which is a hyperkéhler rotation.

5.9 Examples
5.9.1 SU(2)-monopole space

The most famous example is when G = U(n) and py, p1 are both equal to the
irreducible representation of s[(2,C) on C". In other words, the sly-triples in
gl(n,C) are

0 1
0 2
e= 0
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n—1 0
n—2 0

2 0
10

The space M(po, p1) is also isomorphic to the framed moduli space of SU(2)-
monopoles of charge n on R? [28, 16, 50].

5.9.2 A simple bow variety

More generally, if py and p; are not necessarily irreducible, we can study
M(po, p1) by the decomposition (M, x M, )//G as explained in Proposition
5.1, so it suffices to describe M, for a general p. We focus on the case where
the p comes from the irreducible representation on C"~ x {0} C C" for
some 0 < m < n and denote the resulting moduli space by F),(m), following
Bielawski [5] and Cherkis [10].

Proposition 5.5. We have F,,(m) = GL(n,C) x gl(m,C) x C™*" if m <n
and F,(n) = GL(n,C) x gl(n,C).

Proof. This amounts to show that S, = gl(m,C) x C"™*™ for m < n. It is
easy to see that a general element of S, is of the form

0 --- 0
f+x ) )
0 0 *|=* *

where © € Zyn-m,c)(e) = C"™ and e, h, f are viewed as elements of gl(n —
m, C). O

We will now discuss a very simple bow variety, which combines several
moduli spaces of solutions to Nahm’s equations with poles. We enrich our
notation and denote by M%(po, p1) the moduli space of solutions to Nahm’s
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equation with gauge group G on the interval I with poles of residues py, and
p1 at the boundary points of [.
Fix real numbers

)\0<)\1<"'</\T+17 /\zE]R
to define r + 1 intervals
IO = [)\0, )\1], ey ]7« == [)\T, )\r+1]

and fix integers
ng<ng <---<ny, N E€ L

to define principal U(n;)-bundles over I; for each i.

For any integers 0 < m < n, let p? : su(2) — u(n) be the irreducible
representation of su(2) on C*~™ x {0} C C™. Note that that the stabilizer
U(n),n contains U(m), embedded as the lower-right block, i.e.

(Sfogar) € Vi,

Now, consider

M 0.0 % MECR (0,00 - x M (00 (5.1
Since U(n,;_l) - U(nz)p%
and hence we can consider the hyperkahler quotient of (5.1) by U(ng) x
-++ x U(n,y_1), which is a smooth hyperkéhler manifold M (A, n) canonically
associated to A = (Ao, ..., A\py1) and n = (ng, ..., n,).

There is another way of thinking about this manifold directly as an
infinite-dimensional hyperkahler quotient, and this is how Cherkis bow va-
rieties are originally defined. We take the point of view at the end of §2.5,
i.e. we can think of the data of A and n as a collection of hermitian vector
bundles E; of rank n; over I; = [A;, A\;11] for each i. We think of a solution
to Nahm’s equations on E; as a unitary connection V together with three
skew-hermitian sections Ay, Ay, Az of End(FE;) satisfying

 for all z, there is an action of U(ng) X+ xU(n,_1)

Va, A1 + [Ag, A5
VatAz + [A?n Al]
Vo, As + [A1, A

0
0
0.
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We fix injections Ei|y,,, € Eiti|s,,, for i = 0,...,r, which is possible since
rk B; <tk E;11. We view A; as maps I; — u(n;). Then, we look for the space
Ag of tuples (V?, A}, A}, A3) where A’ : I — u(n;) have regular limit on the
right and on the left have the boundary condition

Ang 1

A;(t) B ( :J_A: +OA(H1')71 ‘ O((t _ AJ')M%> ) )
O((t = A) ™) | A7 () +0()

where An; = n; —n;_y and (6™, 05™, 05™) is the su(2)-triple defining the
irreducible representation su(2) — u(An;). Consider the group G of tuples
(go,---,gr) where g; : I; = [N;; Aix1] = U(n;) is such that

gi(Ni) = ( (1) gz‘—lo(Ai) )

fori=1,...,7r, go(0) = 1, and ¢,(A\.41) = 1. Then, G acts on Ay and the
hyperkéhler quotient is M(A,n), which is a bow variety [10] with a single
wavy line and no edge.

Using Proposition 5.5 and Theorem 3.6 (the equivalence between hy-
perkéhler quotients and complex-symplectic quotients), M(A,n) can be ex-
pressed as a complex-algebraic variety, namely, the quotient of a complex
submanifold of T* GL(ng, C) x F,,, (n1 —ng) X - - - X F}, (n,—n,_1) by GL(ng) x
cee X GL(’I’LT_l, (C)
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