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1 Introduction

The main goal of this essay is to prove the Kdhler quotient construction (Theorem 6.5), which says that if
a Kéhler manifold M is acted on by a compact Lie group G preserving the Kéhler structure and there is
a moment map p : M — g* for the action, then for all £ € g* such that the stabilizer G¢ acts freely on
pw=1(€), the quotient space u~1(£)/Ge is also Kihler. We will also prove the Hyperkihler analogue of this
construction.

The essay is organized as follows. In Section 2 and 3 we recall some basic facts from the theory of Lie
groups and principal bundles. In Section 4 we describe the classical symplectic reduction of Marsden and
Weinstein [7]. In Section 5 we introduce the shifting trick which allows to identify the symplectic reduction
at £ € g* with the symplectic reduction at 0 of M x (G - &) using a certain canonical symplectic structure
on the coadjoint orbit G - £. In Sections 6 and 7, following Hitchin, Karlhede, Lindstrom and Rocek [3], we
discuss how symplectic reduction applies to Kéhler and Hyperkihler manifolds, respectively. Finally, we give
in Section 8 an example of Kahler reduction. The emphasis throughout this essay is on providing detailed
proofs of all results.

2 Lie Group Actions and Quotient Manifolds

Let M be a smooth manifold with a smooth left action of a compact Lie group G. Denote the action by
Y:GxM-— M, (g,p)—g-p.

We will also often use the notations

V(g,p) = Yg(p) =¥"(9) = g p,

and call
YP G — M, gr——>g-p

the orbit map. We denote by G, the stabilizer of G at p and by G - p the orbit through p. Let g be the Lie
algebra of G, let X(M) be the Lie algebra of vector fields on M and let

~

Vg — X(M), X+ — X" (2.1)

be the Lie algebra action generated by ¢. That is, for each X € g, X # is the unique vector field on
M whose flow is (t,p) — exp(tX) - p. Recall that ¢ is a Lie algebra anti-homomorphism, meaning that
[X,Y]# = —[X#,Y#]. Also, we will often use that X# can be expressed in terms of the orbit map by

X = (dyP)e(Xe).

Moreover, we recall the following basic fact, whose proof can be found, for example, in [5] Theorem 21.10.



Theorem 2.1. Let G be a Lie group acting smoothly, freely and properly on a smooth manifold M. Then,
the quotient space M /G is a manifold and has a unique smooth structure such that the natural projection
m: M — M/G is a smooth submersion. Moreover, 7 : M — M/G has the structure of a principal G-bundle.

In our case, we do not assume that the action of G on M is free so this does not apply directly. Never-
theless, we can still use the theorem to construct a smooth manifold structure on the set G/G), of left cosets.
Then, we show that the orbits G - p are smooth submanifolds of M diffeomorphic to G/G,.

Proposition 2.2. The stabilizer G}, of a point p € M is a closed Lie subgroup of G. Moreover, the right
action of G on G by right multiplication gives a compact smooth manifold G/G,.

Proof. We have G, = (¥?)71(p), so G, is a closed subgroup of G and hence an embedded Lie subgroup
of G (by the “closed subgroup theorem”). Now, G, acts smoothly and freely on G by right multiplication.
Moreover, G, is closed in G so it is compact and hence the action is proper. Therefore, the orbit space G/G,,
is a smooth manifold which is compact since G/G, = 7(G) and G is compact. O

Proposition 2.3. Let G be a compact Lie group acting smoothly on a smooth manifold M. Then, the orbit
G - p through a point p € M is a properly embedded submanifold of M diffeomorphic to G/Gp,. Moreover, the
restriction of the orbit map to G - p,

PG —G-p, g—g-p,
is a surjective smooth submersion and its derivative at e induces a surjective linear map
g —T,(G-p), X+ X7,
whose kernel is g, := Lie(Gp). Thus, it is a linear isomorphism if G, = {e}, and in general we have
T, (G -p) = g/9p-

Proof. Since G/G) is the quotient of G by right multiplication of elements of G, the following left action
of G on G/G,, is well-defined,

v:GxG/G, — G/G,, g-[h]=][gh]

Moreover, it is transitive since left multiplication by G on itself is transitive. To show that it is smooth, note
that the following diagram commutes:

GxG —" @G (g,h) —— gh
l]dXT( lﬂ I 1
Gx GG, —— GG, (g:[n]) — [gh]

The upper right corner is smooth and Id x m is a smooth submersion, so ¢ is smooth.
Now, the orbit map ¢? : G — M is constant on the fibres of 7 : G — G/G,, since if g € G and a € G,
then ¢¥P(ga) =g-a-p=g-p=1yP(g). But 7 is a smooth submersion, so ? descends to a smooth map

P :G/Gy — M, [h]l— h-p.

It is injective since if hy - p = hy - p then hy'hy € G, and hence [hy] = [ho] € G/G,. Moreover, the image
of ¥P is the orbit G - p. Now, P is equivariant with respect to the transitive action of G on G/G,, and the
original action of G on M, so it has constant rank. Since it is injective, it is a smooth immersion. Moreover,
G/G, is compact so PP is a smooth embedding and a proper map. Therefore, U?(G/G,) = G-p is a properly
embedded submanifold of M diffeomorphic to G/G,,.

Now, the orbit map can be rewritten as

WG GG, L G .



This is the composition of a smooth submersion with a diffeomorphism, so it is a smooth submersion. Hence,
(dyP)e 1 g =2 T.G — T,(G-p), X+ X7

is a surjective linear map. Now, we have G, = (¢?)~!(p) and " is a smooth submersion, so ker(dy?). =
T.Gp = gp. O

Proposition 2.4. We have
T,(G - p) = kerdm,
and
Tﬂ(p)(M/G) =T,M/T,(G - p)
forallpe M.

Proof. The map 7 : M — M/G is a smooth submersion, so
d7rp : TpM — Tﬂ.(p) (M/G)

is a surjective linear map. Moreover, G- p is the submanifold defined by the level set 7= (7(p)) so T,(G-p) =
ker dm,. Hence, dm, factors as an isomorphism T, M/T),(G - p) — Tr(,)(M/G). O

3 Principal Bundles and Connections

In this section we recall a few basic facts from the theory of connections on principal bundles. Our main
reference for this material is [4].

Let G be a Lie group and

T M— M/G

a principal G-bundle. Let V' C T'M be the vertical bundle, i.e. V), = kerdn, for all p € M. Then, V is
a G-invariant subbundle of TM and a Ehresmann connection on M is a choice of another G-invariant
subbundle H of TM such that TM =V @ H. We call H the horizontal bundle.

One of the important properties of the horizontal bundle is that dr : TM — T(M/G) restricts to
isomorphisms

dry « Hy = Tr(p) (M/G).

This allows us to identify smooth vector fields on M /G with G-invariant sections of H. This correspondence
will be very important in the following sections, so we state it more precisely in the following proposition
(which also introduces some notation and terminology). This is all standard material and can be found for
example in [4] Chapter II.

Proposition 3.1 (Horizontal Lift). Let w7 : M — M/G be a principal bundle with a Ehresmann connection
TM =V @ H. Every vector field X € X(M/G) has a unique horizontal lift X*. That is, there exists a
unique smooth G-invariant vector field X* € X(M) such that

(a) X; € Hy, and

(b) dmp(X;) = Xn(p),

forallpe M.

Conversely, given a smooth G-invariant section' Y of H there is a unique vector field X € X(M/G) such
that X* =Y. We denote this vector field by m,.(Y).

Thus we have a bijection

X(M/G) +— (M, H)¢
X — X7
m(Y) +— Y.



Moreover, this bijection is C°°-linear, in the sense that
(fX)* = (fomX*, (X+Y)" =X +V*

and
T ((fom)Y) = fr(Y), m(X+Y)=m(X)+m(Y)

for all f € C°(M/G) and smooth vector fields X,Y on M/G. O

Proposition 3.2. Let w be G-invariant covariant k-tensor on M. Then, there is a unique covariant k-tensor
n on M/G such that
n(X1,..., Xp)or=w(X7,..., X}),

for all smooth vector fields Xy,..., Xy on M/G.

Proof. For simplicity of notation, we assume that w is a 1-form. Let X be a smooth vector field on M/G.
By the G-invariance of w the map w(X*) : M — R is constant on the fibres of 7. Indeed, if 7(p) = 7(q) then
q =g -p for some g € G and since X* is also G-invariant we get

wq(X;) = wq((dwg)p(X;)) = (lb;w)p(X;) = wp(X;;)-

Since 7 is a surjective smooth submersion, there is thus a unique smooth map 7(X) such that the following
diagram commutes

M

w(X™)

n(X)

M/G R.

Moreover, the C°°-linearity property of horizontal lifts shows that this defines a covariant tensor field n. [

Now, in the case where M has a G-invariant Riemannian metric g, there is a particular choice of connec-
tion, called the orthogonal connection, defined by taking H to be the orthogonal complement of V. The
next result tells us that M /G inherits a metric whose Levi-Civita connection is easily computed in terms of
the orthogonal projection TM — H.

Theorem 3.3 (Metric on Quotient Manifolds). Let m# : M — M/G be a principal G-bundle and g a
G-invariant Riemannian metric on M. There exists a unique Riemannian metric g on M/G such that
(X, Y)om =g(X*,Y*). Moreover, the Levi-Civita connection V of g on M/G is given by

VxY =71 (Py(Vx-Y")), (3.1)

where Py : V @& H — H is the orthogonal projection and 7, is the push-forward of G-invariant horizontal
sections given by Proposition 3.1.

The metric g is called the quotient metric induced by g.

Proof. By Proposition 3.2, the G-invariance of g implies that there exists a unique covariant 2-tensor g on
M/G such that g(X,Y) om = g(X*,Y*). It is clearly symmetric and positive definite and so a Riemannian
metric.

Now, we show that (3.1) is a well-defined linear connection that is torsion free and compatible with g.
First, Py(Vx+Y™) is G-invariant since X*, Y* are G-invariant, V is compatible with the G-invariant metric
g and H is G-invariant. Thus, its push-forward to M/G is well-defined by Proposition 3.1. Moreover, by
the O linear property of horizontal lifts (Proposition 3.1), it is easy to see that V is a linear connection.
Thus, it remains to show that V is torsion free and compatible with g.



To show that V is compatible with g, let X,Y, Z be smooth vector fields on M /G. We have

Zap)(@(X,Y)) = d(g(X,Y)rp) (Zrp)) = AG(X, Y )y (dmp(Z)))
d(g(X™*,Y")p(Zy) = Z,(9(X™,Y™)),

and hence
Z(g(X,Y))om=Z"(g(X",Y")) = g(Vz- X" V") + (X", V- Y7).
Now, since X* and Y™* are horizontal we have

Z(g(X,Y))om

9(Pu(Vz-X"),Y") + g(X*, Py (Vz:Y"))
9(me(Pa(Vz-X")),Y)om + g(X, mu(Pu(Vz:Y")))om
= (g(VzX,Y) +g(X,VzY))om.

Thus, Z(3(X,Y)) = g(VzX,Y) + g(X,VzY) so V is compatible with g.
Now to prove that V is torsion free, recall that the horizontal component of [X*, Y™*] is [X,Y]* ([4],
Proposition I1.1.3). Thus,

?XY - ?yX = W*(PH(V)(*Y* - Vy*X*)) = W*(PH([X*,Y*]))
:W*([X7Y]*) = [XvY]

The following standard fact will also be used later.

Theorem 3.4 (Metric on Submanifolds). Let (M, g) be a Riemannian manifold and M C M an embedded
submanifold with the induced Riemannian metric § = i*g. Then, the Levi-Civita connection V of (M,g) 18
given by R

VxY = (VxY)T,

where the vector fields on the right are extensions of X,Y € f{(]\;[) to a neighborhood of M, and T is the
orthogonal projection onto T M.

Proof. This is also known as Gauss Formula. See [6], Theorem 8.3. O

4 Hamiltonian Spaces and Symplectic Reduction

Let (M,w) be a symplectic manifold and G a compact Lie group acting smoothly on M by symplectomor-
phisms.

We showed in Theorem 3.3 that when M is a Riemannian manifold and G acts isometrically, the quotient
space M /G inherits a natural Riemannian structure. Symplectic reduction is the symplectic analogue of this
phenomenon. However, here the situation is more subtle and we have to add extra assumptions. For one
thing, M/G does not always have the right dimension to be symplectic. However, if we take a G-invariant
submanifold S of codimension dim G in M, then dim S/G = dim M — 2dim G is even, so has the potential
to be symplectic. One way to obtain such a submanifold, is by using a moment map for the action, i.e. a
smooth map p : G — g* with the following properties.

(1) p is equivariant:
u(g - p) = Adyu(p), forallp e M and g € G,

where Ad* is the coadjoint representation of G on g*.



(2) For each X € g define the function
pX MR, p¥(p) = (u(p), X).
Then, 11X is a Hamiltonian function for X#, ie. du™ =iysw.

It can be shown [2] that if G is semisimple, a moment map necessarily exists. When a Lie group G acts
on a symplectic manifold (M,w) by symplectomorphism and has a moment map u, we call (M,w,G,pu) a
Hamiltonian space.

In particular, the equivariance of p shows that for any £ € g*, the stabilizer G¢ preserves the level set
pu=1(€). Hence, it makes sense to consider the quotient ,u_l(g)/Gg, and we wish to show that this space
inherits a natural symplectic structure from the one on M.

First of all, by Proposition 2.3, G¢ is a compact Lie subgroup of G and acts smoothly on M. To show
that 1 =1(€)/Ge is a smooth manifold, we want to use Theorem 2.1, so we want = 1(€) to be an embedded
submanifold of M and G¢ to act freely on p~!(€). But remarkably, the condition that G¢ acts freely on
pu~1(€) automatically implies that £ is a regular value of u. In fact, we will show the following.

Lemma 4.1 (Conditions for Symplectic Reduction). The following are equivalent:
(1) Ge¢ acts freely on p='(€).
(2) Gy = {e} for allp € p='(¢).
Moreover, if these hold, then & is a regular value of u and p=*(€)/Ge is a smooth manifold.

Here (1) is just an algebraic condition which does not assume any topological or differential structure on
u=t(€). As we will see at the end of this section, this condition is also sufficient to ensure the existence of a
symplectic form on p=1(€)/Ge.

The proof that (1) and (2) are equivalent will be a consequence of the following simple observation.

Proposition 4.2. If p € u=1(¢), then
(Gﬁ)p =G NGy =Gp.

Proof. We have,
(Gg)p:{geG:Ad;§:§andg-p:p}:GgﬂGngp.

For the other inclusion, let g € G,,. Then, by equivariance
Adgé = Adgu(p) = pu(g -p) = ulp) =&,
so g € Gp NGe. O

To prove the rest of Lemma 4.1, the key element will be the following result which expresses im dpu, in
terms of the Lie algebra of G,.

Proposition 4.3. For all p € M we have
ker dy, = (T,,(G - p))“»
imdpy, = 92,

where (T,(G - p))¥» is the symplectic complement of T,(G - p) in T,M and gg C g* is the annihilator of
gp = Lie(G,) C g



Proof. First note that G - p is a properly embedded submanifold of M by Proposition 2.3. By viewing X € g
as a linear map g* — R and using that the derivative of a linear map is the map itself, we get

wp (X, 0) = A (v) = d(X 0 p)p(0) = X(dptp(v)) = (dptp(v), X).
Moreover, T,(G - p) = {X} : X € g} by Proposition 2.3, so we have
ker du, = {v € T,M : (du,(v), X) =0,VX € g}
={vel,M: wp(Xf,v) =0,VX € g}
={veT,M:w,(w,v) =0,Yw e T,(G-p)}
= (5,(G )

Now, let v € T, M be is arbitrary. By Proposition 2.3, the kernel of the map X — Xf is gp, so for all X € g,
we have
(dpp(v), X) = wp(Xf,v) = wp(0,v) =0.

Hence im du, C go Moreover, we have
dimimdp, = dimT,M — dimker du, = dimT,M — dim(7,(G - p))“»
=dim7T,(G - p) = dimg/g, = dimgg,
so im du, = gg. O

Proof of Lemma 4.1 (Conditions for Symplectic Reduction). By definition, G¢ acts freely on p~!(¢) if and
only if (G¢), = {e} for all p € u=1(&). But (Ge), = G, for p € p=1(€) so this is equivalent to (2).

Now, suppose that (1) and (2) hold. Then, g, = 0 for all p € p~!(€), so by Proposition 4.3, imdu, =
gg = g* for all p € u~1(€). Hence, ¢ is a regular value of i, so p~1(£) is a properly embedded submanifold
of M and the action of G¢ on M restricts to a smooth action on = (£). Since the action is free and G is
compact, the quotient u~*(£)/G¢ is a smooth manifold by Theorem 2.1. O

The next result is the fundamental observation that will enable us to show that the quotient space
p1(€)/Ge admits a symplectic form.

Proposition 4.4. Suppose that & € g* is such that G, = {e} for all p € u=1(&).

(a) The level set u=1(&) is a properly embedded submanifold of M and
Tou™ (&) = (T,(G - p)™”
(b) For each p € p=1(€), the orbit G¢ - p is a properly embedded submanifold of u=*(¢) and
Ty(Ge - p) = (Tpu™H(€))*r N Tpu™ ' (€). (4.1)

Proof. (a) By Lemma 4.1, £ is a regular value of y, so u~1(¢) is a properly embedded submanifold of M.
Moreover, by Proposition 4.3 we get

T (&) = kerdu, = (T,(G - p))*“r

(b) Let p € p="'(§). We have G¢ -p C p~'(€) since if g € G then pu(g-p) = Adju(p) = AdyE = &
G¢ - p is a properly embedded submanifold of M by Proposition 2.3. Since G¢ -p C C p (&) and pmt(€ ) is an
embedded submanifold of M, we get that G¢ - p is a properly embedded submanifold of ~!(&).

In particular, T, (Ge¢ - p) C T,u~1(€). Now, by (a), we also have T,(G¢ - p) C T,(G - p) = (Tp,u~1(€))“r, so

Tp(G£ 'p) - (Tpﬂ_1(§)>wp ﬂTp:u_l(f)'



To show the other inclusion, let
v € (Tyu (€)* N Ty~ (&) = Ty(G - p) Nker dp.

Since v € T,(G - p) we have v = Xf = (dy?).(X) for some X € g by Proposition 2.3. Let XCF(X) be the
vector field on g* generated by X (in the notation of Equation (2.1) in Section 2). We have

(Ad)%(g) == Ad}¢ = Adu(p) = pu(thy(p)) = (povP)(g), forall g € G,

S0 /\
Ad*(X)e = d((Ad*))e(X) = d(p o PP)e(X) = dpp (X)) = dpp(v) = 0.

Thus, X € g¢ = Lie(G¢) by Proposition 2.3. But then Xf € T,(Ge-p),sov = X;‘7£ € T,(Ge - p). This proves

Equation (4.1). O

Here is how I think about the previous result. We can always restrict the symplectic form w to a 2-form
i*w on pu~1(€). However, this 2-form will have some degeneracies. In fact, if we have a non-degenerate 2-form
Q on a vector space V and restrict it to a subspace W, then the new form has kernel W N W and descends
to a non-degenerate form on W/(W N W). But then Equation (4.1) tells us that the degeneracy of i*w
occurs precisely in the direction of the G¢ orbits! Thus, when we quotient the manifold by G¢ we eliminate
all degeneracies and get a genuine symplectic form. So most of the work is already done, it just remains to
make that last argument a bit more precise.

Theorem 4.5 (Symplectic Reduction). Let (M,w, G, u) be a Hamiltonian space with G compact. Suppose
that € € g* is such that G, = {e} for all p € p=*(§). Then, the orbit space p=*(£)/Ge is a smooth manifold
and there is a unique symplectic form we on pu=(€)/Ge such that m*we = i*w where 7w : = (&) = p~=1(€)/Ge
and i : p=1(€) <= M are the natural maps. This symplectic space is denoted M Ge.

Proof. By Lemma 4.1, u~1(€) is a smooth manifold on which the compact Lie group G¢ acts smoothly and
freely, giving a smooth manifold p~!(£)/G¢ such that 7: p=1 (&) — u=1(€)/Ge is a principal G¢-bundle.
Now, the 2-form i*w on p~!(¢) is G¢-invariant since if

b Gex pmH(E) — p ()
denotes the action of G¢ on p~1(€), then io 1Zg =101 for all g € G, so
iz(i*w) =(io ﬁg)*w = (Yg0i)'w= i*z/};w = i"w.

Thus, there is a unique 2-form we on p~1(€)/Ge such that m*we = i*w. It is closed since m*dwe = d(m*we) =
d(i*w) = i*dw = 0 and dr is surjective. It remains to show that we is non-degenerate. Let p € pu='(¢)
and © = m(p) € u~'(§)/Ge. Suppose that v € T, (u™1(£)/Ge) is such that (we)z(v,w) = 0 for all w €
T, (u=1(€)/Ge). Since the map

drmy : Typ™ ' (€) — Tu(n™'(€)/Ge)

is surjective, we have v = dm,(?) for some o € T,u~*(£). Hence,
(i"w)p (0, @) = (7 we)p(0, 0) = (we) (dmp(0), dmp (1)) = 0
for all @ € Tpp~1(£). Then, by Proposition 4.4,
v € (Tou 1 (€)“r N Tpu 1 (€) = T,(Ge - p) = ker dm,,.

Hence, v = dmp(?) = 0 so we is non-degenerate. O



5 The Shifting Trick

In the context of the preceding section, we call an element ¢ € g* central if G¢ = G, i.e. Ad;{ = ¢ for all
g € G. In the next section, we will show that if £ is central and the symplectic manifold (M,w) possesses a
G-invariant Kéhler metric that is compatible with w, then the quotient metric on M //5 G is also Kahler and
compatible with the reduced form we.

But there is a way to bypass the assumption that & is central by using what is called the “shifting trick”.
This allows us to identify M //5 G¢ with the symplectic reduction at 0 of M x (G- &) using a certain canonical
symplectic structure on the coadjoint orbit G - £&. The purpose of this section is to explain this shifting
procedure.

Let O be a coadjoint orbit in g*. Denote by

Ad: g — X(g), and Ad* g— X(g")
the left g-actions generated by Ad and Ad”, respectively (see Section 2, Equation (2.1)). It is a standard
fact that @(X)y =[X,Y] and (Ad"(X)¢,Y) = (£, [Y, X]) for all X,Y € g and £ € g*.
Proposition 5.1. For £ € O, define a skew-symmetric bilinear form B¢ on g by
5§(X7 Y) = <£v [Xv Y]>
Then, g = g¢ where g¢ := Lie(Gy).
Proof. Since (XE‘(X)@Y) = (£, Y, X]) = —B¢(X,Y), we have
g% = {X €g: (Ad"(X)e,Y) = 0,VY € g} = {X € g: Ad"(X)¢ = 0} = g¢,
by Proposition 2.2. O

Since G is a compact Lie group acting smoothly on g*, Proposition 2.3 tells us that the orbit O is a
properly embedded submanifold of g* with T:O = g/g¢ = g/ g’. Thus, each bilinear form Be¢ descends to a
non-degenerate 2-form on 7. O and it is easy to show that this defines a smooth G-invariant non-degenerate
2-form 3 on O. Moreover, it is closed:

Proposition 5.2. dg = 0.

Proof. This is basically a consequence of the Jacobi identity. To simplify the notation, we let X# = Ad* (X)
be the vector field on g* generated by X € g. Recall that

dB(X,Y, Z) = X(B(Y, 2)) =Y (B(X, 2)) + Z(B(X,Y))

~B(X.¥].2) + B(X.2],Y) ~ B(Y. Z].X). (&)

By Proposition 2.3 the tangent space Tz O is generated by the vectors X ? for X € g, so it suffices to compute
dpBe (ng’ﬁ7 Yg"é7 Z?E) for X,Y, Z € g using the above formula. First, note that by the definition of 3,
B(X#’Y#)f = 6$(X7 Y)= <£a [Xv Y]>’

ﬁ([X#,Y#],Z#)5 = B(_[X’ Y]#,Z#)g = _<£a HX’YLZD'

Moreover, the function
BY#, Z#): g" — R, & Be(Y,2) = (&, [Y, Z))

is a linear map, so

X?&(B(Y#,Z#)) = <X§#7 [Yv Z]> = <§, [[Ya Z]7X]>'



Therefore, by Equation (5.1), we get

dfe(XEYE, Z2E) = (€. [IY. 20, X] - [[X. 2], Y] + [[X, Y], Z))
+ (& X Y], 2] = [1X, 2, Y] + [[Y, Z], X])
=0
by the Jacobi identity. O
Putting all this together, we get the following result.

Theorem 5.3. Let G be a compact Lie group. Each coadjoint orbit O C g* is a properly embedded subman-
ifold of ¢* and has a canonical G-invariant symplectic form Bo.

The 2-form Bp is sometimes called the Kostant-Kirillov symplectic form. Now, we need a moment
map for the action of G on (O, 8p). It turns out that the moment map is the simplest one possible:

Proposition 5.4. The coadjoint action of G on (O, Bo) is Hamiltonian with moment map the inclusion
Ho : O — g*.

Proof. We first show that du = ix#/3 for all X € g. Note that
py O Cgt —R, ud=Xouo
for X € g, where we view X as a linear map g* — R. Thus, for all n € O, we have
(dp)n = T,O C g* — R,

is given by
(dp)n(w) = d(X 0 po)y(w) = X o (dpo)y(w) = (w, X).
But # : g — T,,0 is surjective, so it suffices to compute (dug), at Yn# for some Y € g. We have

(dug)n(yn#) = <Yn#’X> = <777 [Xv YD = Bn(Xv Y) = B(X#>Yn#)'
Thus, dug = ix#[. Equivariance is trivial since p is the inclusion. O

Recall that a product M; X Ms of two symplectic manifolds (M;, w;) is naturally a symplectic manifold
with symplectic form w = mjw; + m5wa, where 7; are the natural projections. Moreover, it is easy to show
that if G is a Lie group acting on each M; in a Hamiltonian way with moment maps p; : M; — g*, then the
diagonal action of G on M; x M5 is Hamiltonian with moment map u; o w1 + o © mo.

Now, we return to our original problem: We have a Hamiltonian space (M, w, G, p) with G compact. Let
O be a coadjoint orbit in g*. Then, by equipping O with the negative of its the Kostant-Kirillov form, we
get a symplectic manifold M x O on which G acts in a Hamiltonian way with moment map

po: M x O — g, (q,n)r— plq) —n.

Thus it makes sense to consider the symplectic reduction of M x O at 0. In fact, we will show that
(M x O)/fy G can be identified with M j; G¢ for any £ € O. First, the next result tells us that the conditions
of Theorem 4.5 (Symplectic Reduction) are satisfied for M x O at 0 if and only if they are satisfied for M
at some ¢ € O.

Lemma 5.5. Let & € O. Then, Gy, = {e} for allp € p=*(€) if and only if G, . = {e} for all (p,n) € ()}
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Proof. Suppose first that G, ;) = {e} for all (p,n) € ' (0). Let p € p~1(¢) and g € G. Then,
Adgé = Adgu(p) = pu(g -p) = ulp) =&,

s0g-(p,&) =(g-p,AdyE) = (p,€), and hence, g € G, = {e}.

Conversely, suppose that G, = {e} for all p € p=1(£). Let (p,n) € ,ual(()) and g € G(,,). Then,
n = pu(p) = Adj£ for some h € G, and

g-(p,n) = (g-p,Adyn) = (p,n).

Hence,
h~'gh-(h~'-p)=h""p,

SO
h™gh € Gp-1.,.
But h™!'-pe ,u_l(f) since
p(h™"-p) = Adj -1 p(p) = Adj-am = €.

Thus we get that h~!gh = e and hence g = e. O
We are now ready to prove that under these conditions, (M x O)/}, G and M/J; G¢ are symplectomorphic.

Theorem 5.6 (The Shifting Trick). Let (M,w,G,u) be a Hamiltonian space with G compact. Let £ € g*
and let O be the coadjoint orbit through £. Then, O has a canonical symplectic form for which the diagonal
action of G on M x O is Hamiltonian with moment map po(q,n) = u(q) —n. Moreover, G, = {e} for all
p € L&) if and only if G(,,,) = {e} for all (q,n) € pp'(0), and in that case, M s G¢ and (M x O)/}, G
are well-defined and symplectomorphic.

By Lemma 5.5 we have G, = {e} for all p € p1(¢) if and only if G, = {e} for all (¢,n) € pug"(0)
which are the conditions of Theorem 4.5 (Symplectic Reduction) ensuring that M jj, G¢ and (M x O) jj, G
are both well-defined. Thus, it only remains to show that they are symplectomorphic. We have broken the
proof into three steps.

Step 1. Let
Fip (&) — up'(0), F(p)=(p,€).

Then, there is a smooth bijective map ® such that the following diagram commutes:

pHE) —E— 15t (0)
pHE)/Ge = pgp'(0)/G

Proof. For all p € p~1(¢) and g € G¢, we have

F(g-p)=(g9-p,u(g-p) = (9-p,Adju(p)) = g- (p, u(p)) = g- F(p),

so F' intertwines the actions. In particular, w5 o F' is a smooth map which is constant on the fibres of 7y,
and since 7 is a smooth submersion, this implies that there exists a unique smooth map ® such that the
above diagram commutes.

Next, we show that ® is bijective. Let [(g,7)] € ' (0)/G. Then, n € O so there exists g € G such that
Adjn = &, and hence u(g - q) = Adju(g) = Adjn = Eso g-q e p'(§). Thus, ®([g-q]) = m(F(g-q)) =
(90, €)] = [(g, Ad’—1€)] = [(g, )], s0 @ is surjective. Now, suppose ®([p]) = ®([q]). Then, ma(p, ) = m2(g, €)
so there exists g € G such that (p,&) = (g- ¢, Ad;€). Thus, p=g-q for g € G so [p] = [¢] € p~'(£)/G and
hence @ is injective. O
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Step 2. The map & is a diffeomorphism.

Proof. Since ® is a smooth bijection, to show that it is a diffeomorphism it suffices to show that it is a
smooth submersion. Since 7 is a surjective smooth submersion, it suffices to show that 75 o F' is a smooth
submersion (indeed since (dmy), is surjective we get rank,(,)(®) = rank,(® o m;) = rank, (7 o F)). We use
the fact that a smooth map is a smooth submersion if and only if every point of the domain is in the image
of a smooth local section. In other words, we let p € u~(€) and seek an open subset W C u5'(0) with a
smooth map p: W — u~1(€) such that (ma0 F)op = Idy and p € p(W). By Proposition 2.3, the orbit map

G—0, g AdiE

is a smooth submersion, so the characterization of smooth submersions in terms of local sections applies to
this particular map and hence there exists an open set V' C O with a smooth map ¢ : V' — G such that
e € ¢(V) and

Adgpé=mn, forallneV.

Since e € p(V), there is 79 € V such that e = ¢(no). But then §{ = AdZ{ = Ady,,, )€ = mo. Thus, £ € V and
©(&) = e. Now, let
U={(a,n) € np'(0):n €V} =pug (0)N (M x V).

This an open subset of u51 (0) since M x V is open in M x O and ,ual(()) has the subspace topology inherited
from M x O since it is embedded. Now, for (¢,7) € U we have Adj,\& =1 = u(q), so Adg,,)-1p(q) = ¢
and hence

wle(n)™' - q) = Ay -1 u(q) = €.
Thus, we have a smooth map

o:UC g (0) — u (&), (a.n)—em) ' q

We have pu(p) =€ € Vso (p, &) € U and o(p, &) = (&) L -p=e"1-p=p. Thus, p € o(U). Now, since 75 is
a smooth submersion, there exists an open set W C pug,'(0)/G and a smooth local section 7 : W — g (0)
such that (p,&) € 7(W). Then, W := 7= (U) is an open subset of W and hence we have a smooth map

p WU S u o).

To show that it is a local section of g o F' let w € W. Then, w € W so 7(w) = (¢,n) for some (¢,1) € U C
t15' (0) such that m2(g,n) = w. Then,

(w20 F) 0 p)(w) = ma(F(o(q,m)) = m(Fle()™" - q) = m2(e() ™" - ¢,6)
= ma(q, Ad;(n)f) = m(q,n) = w.

Hence, p is a smooth local section of my o F'. Moreover, (p,&) € 7(W) so (p,€) = 7(w) for some w € W.
Also, 7(w) = (p,&) € U so w € 771(U) = W. Thus, p = o(p,&) = o(r(w)) = p(w) € p(W). This concludes
the proof that 79 o F' is a smooth submersion, and hence that ® is a diffeomorphism. O

Step 3. The map & is a symplectomorphism.
Proof. Let
MxO
L

M @)
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be the canonical projections. Let 8o be the Kostant-Kirillov form on O. Then, by definition, the symplectic
form on M x O is

a = pjw — p3fo,
and the symplectic form on (M x O) /), G is the unique 2-form we such that mswo = i3a, where iy :
e (0) = M x O is the inclusion map. Now, we is the unique 2-form on M [l G¢ such that mjwe = ijw,
where i : p71(€) < M, so it suffices to that 7} ®*wep = ijw. We have

TP wo = (Pom ) wo = (130 F)*'wo = Frjwo = Frisa = F*i5(piw — p5Po)
= (proizoF)'w—(p20oizo F)Bo.
Now, for all p € u=1(£) we have
p1oizo F(p) = p1(p,§) = p =i1(p),

so (p1 0ig 0 F)*w = ifw, and
p2 © 19 0 F(p) = p2(pa§) = ga
80 (p2 0ig 0 F)*Bp = 0. Thus, 7 ®*wep = ijw, and hence ®*wp = we. O

6 Kahler Reduction

Let us first recall the definition of a Kahler manifold.

Definition 6.1. Let X be a smooth manifold. An almost Hermitian structure on X is a triple (I, g,w),
where I is an almost complex structure, g is a Riemannian metric and w is a 2-form such that

w(X,Y) =g(IX,Y), VX,Y.

In that case, the triple is said to be compatible. An almost hermitian manifold (X, I, w, g) is called K&hler
if I is integrable and w is closed.

The following standard result will be useful.
Theorem 6.2. Let (X,I,g,w) be an almost hermitian manifold. Then, the following are equivalent:
(1) (X,1,g,w) is Kahler,
(2) Vw =0,
(3) VI =0.

We showed how to endow a symplectic form 5o on each coadjoint orbit O C g*. But there is also a way
to give a Kéhler metric on O whose Kéhler form is So.

Theorem 6.3. Let G be a compact Lie group and O C g* a coadjoint orbit. There is a unique G-invariant
Kihler metric on O that is compatible with its Kostant-Kirillov form.

Proof. See [1], Chapter 8. O

This result will be important when we use the shifting trick to show that M j; G¢ is Kéhler by identifying
it with (M x O)/, G.
Now, a basis fact from Riemannian geometry:

Lemma 6.4. Let (M,g) be a Riemannian manifold, and

feM—RF p— (A®),.-. fu(p))

a smooth function with reqular value ¢ € R¥. Let M = f~(c) be the induced submanifold of M. Then,
{grad(f1),...,grad(fx)} is a smooth global frame for the normal bundle NM over M.
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Proof. Let X; = grad(f;). First, it is clear that (X;), € N, for all p € f~1(c) since g((X:)p, Yy) = (dfi)pYy =
0 for all Y, € T,f~'(c) = kerdf,. Moreover, since f~!(c) has dimension n — k, N is a bundle of rank
n— (n — k) =k, so it suffices to show that Xi,..., X}, are linearly independent at each point p € f~1(c).
By definition, X; = grad(f;) corresponds to df; under the tangent-cotangent isomorphism provided by the
metric g, so it suffices to that (df1)p,. .., (dfr), € T, M are linearly independent at each point p € f(e).
But this is equivalent to the condition that df, is surjective. O

We are now ready to state and prove the main theorem of this essay.

Theorem 6.5 (Kahler Reduction). Let (M,w,g,I) be a Kihler manifold and G a compact Lie group acting
on M isometrically and in o Hamiltonian way. Let u be the moment map for this action and suppose that
¢ € g* is such that G, = {e} for all p € p='(&).

Then, the symplectic reduction (M /. G¢,we) (whose existence is guaranteed by Theorem 4.5) admits a
Kdhler metric g that is compatible with we. Moreover, if £ is central, then ge is the quotient metric induced
by i*g, where i : p=1(€) < M is inclusion.

We have broken the proof into eight steps.
Step 1. By the shifting trick, it suffices to consider the case where £ is central.

Proof. Suppose that the theorem holds for all central elements of g*. Suppose that £ € g* is such that
G, = {e} for all p € p=1(¢). Let O C g* be the coadjoint orbit through £&. By Theorem 5.6 (The Shifting
Trick), M /J; G¢ is symplectomorphic to (M x O)/j, G. But 0 € g* is central and M x O is Kéhler (Theorem
6.3), so (M x O) /), G admits Kéhler metric compatible with its symplectic form. Thus, we can use the
symplectomorphism to get a Kéhler metric on M //5 G¢ that is compatible with we. O

Note, however, that in this case there is nothing that guarantees that the metric g¢ so produced is the
quotient metric induced by g. But this will be true if £ is central.
Thus, from now on, we assume that £ is central. In particular, G¢ = G so the reduced space is M //5 G=

1E)/G. Let 1 1

Tips (6 —pm(§)/G
be the canonical projection. Let V' be the vertical bundle of this principal G-bundle and let H be its
orthogonal complement with respect to the metric i*g on u=(¢). Let N be the normal bundle of the
submanifold g ~!(¢) € M. Then, for each p € u~!(&) we have an orthogonal decomposition

T,M =N, @V, d Hp.
Step 2. The horizontal bundle H is invariant under I.
Proof. First note that for X € g, we have
glgrad X, Y) = dp™ (V) = w(X#,Y) = g(IX7,Y),

and hence
grad X = IX#.

Now, let X1,..., X}, be a basis for g and &',...,&F € g* its dual basis. Then,
pp) = ™ (p) €+ -+ X (p) €8, Wp e M,
and hence, by Lemma 6.4, a global frame for the normal bundle N is
{grad ™, .. grad ™} = {IX¥, ... IX7}.

Moreover, since G, = {e} for all p € u~1(¢), Proposition 2.3 gives that {X7,.. ., X7} is a basis for V.
Therefore, at each point p € (), the set

(X#,.. xFx¥,.. . 1xF)
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is a basis for N, @ V},. Hence, N, @&V}, is invariant under I. Now, let v € H,. Then, for all w € N, @V}, we
have

g(I(v),w) = —g(v,I(w)) =0

since v € H, = (N, ® V,)* and I(w) € N, & V,,. Thus, I(v) € (N, & V,)* = H, and hence H, is preserved
by I. O

Note that for a smooth vector field X on M/}, G = u~1(€)/G, the horizontal lift X* is not a vector field

on M (only on p=1(€)) so I(X*) is undefined in the usual sense. However, since I preserves H it does define
a smooth section of H:

Step 3. For each smooth vector field X on M //; G, the map

pHE) — H, pr— L(X))
is a smooth G-invariant section of H which we denote by I.X*.

Proof. Since I preserves H, it defines a smooth bundle homomorphism I : H — H and our map is the
composition I o X*, so it is smooth. It is G-invariant since X* is G-invariant and G preserves I. O

Since IX* is a G-invariant horizontal section, it is the lift of a unique smooth vector field 7. (IX*) on
M //E G. Hence, we have a way of applying I to vector fields on M //E G. The next step is to show that this
defines an almost complex structure on M/, G.

Step 4. There is an almost complex structure Iz on M //E G defined by
I X =7 (IX"),
for all smooth vector fields X on M/, G.

Proof. To show that I is a type-(1,1) tensor field, we have to show that it is C° linear. This follows from
the C° linear property of horizontal lifts (Proposition 3.1), since

L(£X) = m(I(f X)) = malL((f 0 ))X")) = m((f o MIX") = fra(IX")
= [I(X).
Now we need to show that 152 = —Id. But, by definition we have (I X)* = IX* so
(IEX)" = (Ie(Ie(X))" = I((Ie(X))") = I(I(X")) = X" = (=X)",
and hence I€2X =-X. O

Step 5. Let g¢ be the quotient metric on M/ G induced by i*g (Theorem 3.3). Then, the Levi-Civita
connection of g¢ is given by

?XY - W*(ﬁH(vX*Y*))

where X* and Y* are extended arbitrarily to a neighborhood of x~1(¢), V is the Levi-Civita connection of

g, R
Py :TM — H

is the orthogonal projection, and 7, is the push-forward of G-invariant horizontal sections.

Proof. Let V be the Levi-Civita connection of i*g on x~1(0). Then, by Theorem 3.4, V is given explicitely
by

VxY = (VxY)T"
where X,Y are extended arbitrarily to a neighborhood of p~1(¢) and T is the orthogonal projection onto
Tu~1(€) with respect to the metric g on M.
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Now, let V be the Levi-Civita connection of g¢ on p~1(€)/G. Then, by Theorem 3.3 and 3.4 together,
the connection V is given by first projecting Vx+Y™* onto Tp~1(£), and then projecting onto H and using
the correspondence between G-invariant sections of H and vector fields on M/G. Symbolically,

VxY = 1 (Pa((Vx-Y*)T))

= 1. (Py(Vx-Y™).
O
Step 6. The triple (I¢, g¢,we) is compatible.
Proof. For all smooth vector fields X,Y on p~1(£)/G and all p € u~1(£), we have
e (X, Vi) = weldmy (X3), dmy (Vi) = m (X3, Y7) = i%(X3, ¥7)
=i"g(I(Xp),Y,) = i"9((1eX), Yy) = 9e((Ie X )z (p), V()
so we(X,Y) = ge(Ie X,Y). O

Step 7. ?IE = 0.

Proof. Let X and Y be smooth vector fields on M, //f G. Since I preserves H, it commutes with the projection
Py : TM — H. Moreover, by definition we have IY =m,(IY*) so (I¢Y)* = IY™*, and hence

(VxIeY)* = Py(Vx-IY*) = Py(IVx-Y*) = IPy(Vx-Y*) = I(VxY)*.
Thus, VxIY = I¢(VxY) and hence VI = 0. O
Step 8. (M), G, I¢, g, we) is a Kéhler manifold.
Proof. The triple (I, ge,we) is compatible by Step 6 and @Ig = 0 by Step 7. Hence, (M//5 G, I¢, ge,we) is
Kahler by Theorem 6.2. O

7 Hyperkahler Reduction

We now discuss the Hyperkdhler analogue of the preceding theorem.

Definition 7.1. A Hyperkihler manifold is a Riemannian manifold (M, g) that is Kédhler with respect
to three almost complex structures I, J, K which satisfy the quaternionic identities

P=J=K>=1JK = —1.

Now, suppose that G is a compact Lie group acting isometrically on a Hyperkahler manifold M. Suppose
also that the action is Hamiltonian with respect to each Kéhler form w, ws and wsz. Let

Wi M —g*, 1=1,2,3
be the corresponding moment maps, and combine them into the map
W=y X pg X pg M — g* x g* x g*.

Theorem 7.2 (Hyperkéhler Reduction). Suppose that & = (§1,62,83) € g* x g* X g* is such that G, = {e}
for all p € puy (&) U py H(€2) U uz ' (&) and each & is central. Then, M G = p=1(€)/G is a smooth
manifold and inherits a Hyperkdhler structure that is compatible with the quotient metric induced by g.

Before the proof, here is a simple lemma.
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Lemma 7.3. Let (M,w, G, i) be a Hamiltonian space and i : N — M a G-invariant symplectic submanifold.
Then, (N,i*w,G, poi) is a Hamiltonian space.

Proof. Since N is G-invariant and an embedded submanifold, the action ¢ : G x M — M restricts to a
smooth action ¢ : Gx N — N. Now, for all g € G we have iov); = 1)y 01 so ¢pgi*w = (to))*w = (Pgo0i)'w =
i*1yw = i"w and hence G acts by symplectomorphisms on N.

For X € g, let X~# be the vector field on M generated by X and X# the vector field on N generated
by X. Then, dip(X}) = di,(d2(X.)) = d(i 0 9?)o(X.) = (dy?).(X.) = XF. Moreover, (o)X (p) =
(u(i(p)), X) = p* (p) so (uo4)* = pX oi and hence

d(po Z);)f (Yp) = d(pX o D)p(Yp) = d:“;):( (dip(Yp)) = WP(X;#, dip(Yyp))
= (i (X, diy (1) = (") (X Y5).
Thus, (o4)%X is a hamiltonian function for the vector field X #.

Finally, for all ¢ € G and p € N, we have

(10 ) (g (p)) = 1(y(p)) = Adg(n(p)) = Ady((1 0 1)(p)),

so p o1 is equivariant with respect to the action of G on V. [
Proof of Theorem 7.2 (Hyperkdhler Reduction). Let

Py = pe +ipus : M — g* ®C.

Then,
dp (V) = dps (V) +iduz (Y)
= wa(X#)Y) +iws(X#)Y)
=g(JX*,Y) +ig(KX",Y),
SO

dut (IY) = g(JX#,IY) +ig(KX#,IY)
= —g(IJX*)Y) —ig(IKX")Y)
= —g(KX#* Y)+ig(JX*)Y)
=i (g(JX*Y)+ig(KX",Y))
=i-duj (Y).

Therefore, ,uf : M — C is holomorphic with respect to the complex structure I. This holds for all X € g so
t4 is holomorphic with respect to I.

By the assumption that G, = {e} for all p € u7 (1) U pg *(&2) U g ' (€3), Lemma 4.1 says that &, &
and &3 are regular values of py, po and ps, respectively. In particular, £ + i3 is a regular value of uy, so
N = ,ujrl(fg +i€3) = py (&) N pz (&) is a complex submanifold of M with respect to I. Thus, N is a
Kiéhler submanifold of (M, I,g,w1).

Let ¢; : u;l(gj) — M and iy : N < M be the inclusions. Since each ; is central, G acts on each

i 1(f) and hence G acts on N. By Lemma 7.3 this action is Hamiltonian way with moment map p; o i
. Moreover, G, = {e} for all p € (uy 0iy) "' (&) = puy (&) NN = u~1(p), so we can apply Theorem 6.5
(Kéhler Reduction), to obtain a Kihler structure on (1 0iy)~1(&1)/G = p=1(€)/G =: Ml G.

We will repeat the argument for J and K to produce three Kéhler structures on M/, G. However, we
need to ensure that the Kéahler metric is the same in each case, which is not immediately apparent from its
construction. To do that, we will use the last part of the Theorem 6.5 (Kéhler Reduction) that says that for
a central £ € g*, the Kéhler metric constructed on the reduced space is the quotient metric. Let
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be the natural inclusions, let
(poiy) &) === p7'(¢)
(i oiy) H(&)/G == p'(§)/G.

be the natural projection, and let g¢ be the Kéhler metric that we just produced on p=*(§)/G. Since & is
central, Theorem 6.5 (Kéhler Reduction) ensures that

ge(X,Y)om = j (i3 g) (X", Y7) = i"g(X",Y™).

Thus, the Kihler metric produced is the quotient metric on p=1(£)/G.
Now, by repeating the argument with J, and K, we get that x4~ 1(£)/G has three Kihler structures,
each compatible with the quotient metric ge. Hence, it only remains to show that the complex structures

I,J, K induced on u:1(§) /G still satisfy the quaternionic identities. But this is clear since, for example, I
is characterized by (IX)* = IX™* and hence

(IJX)* = I(JX)* = [JX* = KX* = (KX)*,

so IJ = K. All other identities are obtained similarly. O

8 An Example

Consider C™ with the standard Ké&hler structure. Fix integers k1, ..., k, and consider the action of U(1) on
C™ given by
Y:UM) xC" —C™, X (21,...,20) = (AFrzp, 0 APz,

We claim that this action is Hamiltonian with moment map

1
o C" — u(l)* = R? N(Zlv"'7zn) = 75 (k1|21|2 + - +kn‘zn|2) .

We have
ul)={weC" :w+w=0}=3R

and the exponential map is ‘
exp : iR — U(1), davr— e

Thus, if X = ia € u(1), the vector field X# on C" generated by X is

d
Xé&l ..... ) dt t:owem‘ (#1,. -+ 2n)
d 4 -
= %‘tzo(eia/mtzl’ o ezaknth)
= (iakyz1, ..., iaky2y,)
= a(—k1y1 + ik1z1, ..., —kpyan + ikyzy,)

- 0 0
= a; (—k‘lylaxl + klwza%) .
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Hence,

# ., = ey —— o ) _
X7 w= a; ( k‘zyl&xi Jrklxlayi)JjZldxj A dy;
= az (_kjyj dy] — ijL'j dSUJ)

j=1
= dp™,

so uX is a Hamiltonian function for X#. Also, p is equivariant since
n n
k En, \ — K _ —
:U’(A 121a"'7)‘ Zn)_Z|)‘ Zi|2_Z|Zi|2_l’(‘(zla"'azn)7
i=1 i=1

and the coadjoint action on u(1)* is trivial since U(1) is abelian. Thus, p is a moment map for this action.

Moreover, the action preserves the standard Kahler structure, so we expect to be able to produce some
Kiihler manifolds by taking the quotient p=1(c)/U(1) for some suitable values of ¢ and k1,. .., k, € Z. Here
is a preliminary result.

Lemma 8.1. Suppose that ki, ..., k, € Z and ¢ € R have the property that for all (z1,...,2,) € u~*(c) we
have

ged{k; : z; 0} = 1.
Then pu=t(c)/U(1) is a smooth Kihler manifold.

Proof. Since U(1) is abelian, every element of u(1) is central. Hence, from Theorem 6.5 (Kdhler Reduction),
it suffices to show that the stabilizer U(1),, . ..) is trivial for all (21,...,2,) € p~'(c). Let p = {2z € C:
2% = 1} be the group of kth root of unity, and recall the basis fact that

Py NN Py = Pged(key,... ke)-

Then,
UD) (a1, ) = AN € UL) 1 Aoz = 2, Vi}
={eUQ): N\ =1,Vie{j:z #0}}
={AeUQ): A€ py,Vie{j:z #0}}
= Pgcd{k;:z;#0} >
which is trivial if ged{k; : z; # 0} = 1. O

Proposition 8.2. The quotient u~'(c)/U(1) is a smooth Kdhler manifold in the following situations:
(1) ki <1 for alli, and ¢ < 0.
(2) ki > —1 foralli, and ¢ > 0.
(3) =1 <k; <1 foralli, and ¢ # 0.

Proof. (1) We may assume that at least one k; = 1 since otherwise p='(c) = 0. Now, if u(z1,...,2,) =
—% (k1|zl|2 + -+ kn\zn|2) = ¢ < 0 then, z # 0 for some i with k; = 1 since otherwise p(z1,...,2,) > 0.
Hence, 1 € {k; : z; # 0} so ged{k; : z; # 0} = 1 and p~'(¢)/U(1) is Kihler by Lemma 8.1. (2) follows by
the same argument, and (3) holds by (1) and (2). O

The cases (1) and (2) are completely analogous, so we will focus on case (2).
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Proposition 8.3. Suppose that we are in the situation where k; > —1 and ¢ > 0. By reordering and
relabelling the k;’s, we may assume that the action is given by

Ao(zryez) = Atz A g, Az, M2y, A€ U(1),
where ky,... k. >0 andn=m +r. Let O(f) be the (th element of Pic(CP™'). Then,
LU = Oky) @ - ® O(ky),
as complex vector bundles (or C" /), U(1) = CP™ ' if r = 0).
Proof. By definition, u~!(c) is the set of all (21, ..., 2,) € C" such that

21?4 leml® = 20+ Balzman [P+ + 2. (8.1)
Let [#1, ..., 2,] denote the equivalence class of (z1,...,2,) € C" under the given U(1)-action. Then, we have
a well-defined smooth map
C"LUQ) — CP™ 1 [z1,. 0y 20] — [21, -+, Zmls
where [21, ..., 2,] is the equivalence class of (z1, ..., zy) under the C* action on C™ — {0}, viewing CP"*

as (C™ —{0})/C*. This is well-defined since (8.1) shows that (21, ..., zm) # 0, and the m-tuple (z1,...,2m)
is determined up to (A"'z1,..., A7 2y,) for A € U(1) C C*.

Now, let U; be the open subset of CP™ ! consisting of elements [21, ..., z,] such that z; # 0. Then, it
is easy to see that

(bi : 7T71<Ui) — Ul x C"

2 i Zq b
[217__,7271}!—) [Zl,...7Z"J, m ZmAly ey m Zn

is a well-defined smooth map with smooth inverse
O UxCT — 1N ()
i\ i\ *
([w17"'awm]7cla"'a<.’r)’—> PWL, -y PWin, ? Cla"'7 T CT )

where

(Gl G2+ 20
”"( fun P+ w2 ) |
Moreover, we find that
D :=P;0®; ' U;NU; x C" — U;NU; x C”
is given by
. R . Nkr
Byl sl G i) = (B, G L ),

Tyeo-
" wi fwyFr 2T wg fwy |k

Thus, C"//, U(1) is a direct sum of vector bundles Ey, @ --- @ Ej,, where Fy is the line bundle on CP™!
with transition functions

(wi/w;)*
Tz] UZﬁU] —>GL(1,C)7 TZ]([wl,,wm]):W

But Ej is isomorphic to O(¥) since the latter has transition functions
Yij * U, N Uj — GL(l, C), wij([wl, R ,wm]) = (wi/wj)g
and we have the following smooth homotopy of transition functions

(wi/w;)"
|wi fw;| =0

Thus, C"/, U(1) = O(k1) @ - - - ® O(k,) as complex vector bundles. O

(U; NU;) % [0,1] — GL(1,C), ([wy,...,wm],t) —

20



References

(1]
2]
3]

4]
[5]
[6]
17l

Besse, A. L., Einstein Manifolds, Springer-Verlag, Berlin Heidelberg, 1987
Da Silva, A. C., Lectures on symplectic geometry, Springer, 2001.

Hitchin N. J., Karlhede A., Lindstrém U., Ro¢ek M., Hyperkidhler Metrics and Supersymmetry, Com-
mun. Math. Phys. 108 (1987), 535-589.

Kobayashi S., Nomizu K., Foundations of differential geometry, Vol. 1, Wiley, New York, 1963.
Lee, J. M., Introduction to Smooth Manifolds, Second Edition, Springer, 2012.
Lee, J. M., Riemannian Manifolds: an Introduction to Curvature, Springer, 1997.

Marsden J., Weinstein A., Reduction of Symplectic Manifolds with Symmetry, Reports on Mathematical
Physics, 5 (1974), 121-130.

21



